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Chapter I

Introduction

1.1 Historical Introduction

The theory of symmetric spaces was initiated by E. Cartan in 1926. While he
was studying Riemannian locally symmetric spaces, he discovered, via the paper
by H. Weyl [Wey26|, that the problem he was studying was equivalent to the one
he had studied some twelve years earlier, namely the classification of real forms of
complex semisimple Lie algebras.

The original definition of symmetric space belongs to the realm of Riemannian
geometry, in that a Riemannian symmetric space was originally defined as a Rie-
mannian manifold whose curvature tensor is invariant under parallel translation.
While the Riemannian geometrical acception has not faded, Cartan discovered that
symmetric spaces are as related to Riemannian geometry as they are to Lie groups.

There are at least three good reasons to study symmetric spaces:

e They connect seemingly different fields of mathematics, and hence each one of
the fields can enhance the knowledge about the other. As Cartan put it: ”The
theory of groups and geometry, leaning on one another, allow one to take up
and solve a great variety of problems”, [Car26).

e Many well known examples are indeed symmetric spaces.
e They are beautiful!

Examples. (1) The Fuclidean n-space E == (R", gpyq) is a symmetric space. Its
sectional curvature vanishes everywhere. Its isometry group is O(n) x R™.

(2) The unit sphere S™ in R™™ equipped with the Riemannian metric induced by
R™*! is a symmetric space whose sectional curvature is everywhere equal to one.
Its isometry group is O(n, R).
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(3) Let ¢: R*™ — R be the quadratic form associated to the symmetric bilinear
form of signature (n,1)

(T,y) =211 + -+ Tl — Tpg1Yni1 -
Then
He = {z e R : ¢(z) = (x,2) = —1 and z,,.; > 0}
is the (real|'| hyperbolic n-space. To give it a metric, write for every x € HE
R =Rz @ (Rz)"  where (Ra)" = {yeR"™: (z,y) =0}.

Since (z,x) = —1, the restriction (-, )|, is positive definite and hence defines
a Riemannian metric on Hy. Hg is a symmetric space whose sectional curvature
is identically equal to —1. Its isometry group is O(n, 1), where

O(n,1) = {g € GL(n + 1,R) : ¢q(gx) = q(x) for every x € R"™}
and
O(n,1); :=={g € O(n,1) : gHg = Hg}.

In each of the above cases it is easy to see that the isometry group acts transitively
on the symmetric space.

1.2 Overview

1.2.1 Riemannian Geometrical Characterization of Symmet-
ric Spaces

'We could define also the complex and quaternionic hyperbolic space. Let K = R,C or H.
Recall that the quaternions H is a four dimensional algebra over R with basis {1,4,j, k}, where
1 is central, ij = k, jk = 4, ki = j, and 4> = j2 = k? = —1. Endow the space K**! with the
K-Hermitian form ¢ defined by

q(ZE, y) = lel + -+ Tnyn — Tn4+1Yn+1

(where conjugation is of course trivial in R). If PK™ is the projective space PK"™ = (K"*1\ {0})/K*,
the set

Hyg = {z € PK": g(x,z) < 0}.

is called real, complex or quaternionic hyperbolic n-space Hy, according to whether K = R, C or
H. Its dimension is, accordingly, n, 2n or 4n.
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Convention. A manifold is always assumed to be connected, second countable,
paracompact, Hausdorff and finite dimensional. The only exception are Lie groups,
that are allowed to have several components.

If M is a Riemannian manifold and p € M, a geodesic symmetry at p is a map
defined in a neighborhood of p that fixes p and reverses any local geodesic through

p-

Remark. A geodesic symmetry need not be an isometry and need not be defined
on the whole of M.

Definition: Riemannian Symmetric Space

The Riemannian manifold M is Riemannian locally symmetric if for every
p € M, there exists a geodesic symmetry s, that additionally is an isometry
on its domain.

A Riemannian manifold is a Riemannian glolbally symmetric space if it
is locally Riemannian symmetric and in addition for every p € M the geodesic
symmetry s, is defined on the whole of M.

. J

Example. (1) As an exercise define the geodesic symmetry in the case of S™ and
of Euclidean n-space.

(2) Let Hf be hyperbolic n-space. We can identifyﬂ the tangent space T, Hy at the
point x € HE with z+ = {y € K"™' : ¢(z,y) = 0}. The Hermitian form ¢ has
signature (n,1) and K" = (Kz) @ (Kz)*, so that the restriction of q to x*
is positive definite. It follows that Reg(u,v) descends to an inner product on
T,Hg that turns Hg into a Riemannian manifold.

If for example K = R, then geodesics in this model are the intersection of the
hyperboloid with planes through the origin. The geodesic symmetry is defined
at x by

s2(y) = —2xq(v,y) —y.

In fact, we will show that a geodesic symmetry is characterized by s, € O(q, K),
(sy)? = Id, sy(z) = = and s, preserves the Riemannian metric: namely, if
z € Hg, then d.s,: T, Hg — T, (»)HE has the property that

q(d.s5:(v),d.5.(v)) = q(52(v), 5.(v)) = q(v,v),

2Consider the map F(z) = q(x,z) + 1. If z € F~1(0), then kerd,F = T,(F~1(0)), and
(doF)(y) = Fle=oF (z + ty) = 2q(,y).
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where we have used that the differential of a linear map is the linear map itself.
If follows also that, if v is a tangent vector at x, then

8z (v) = 2vq(x,v) —v = —v.

We will see that if M is Riemannian globally symmetric, then it is complete
and the connected component of its isometry group is small enough to be finite
dimensional, but large enough to act transitively. The stabilizer of a point is going
to be a compact subgroup of Iso(M)°.

We next list a few more (and less well known) examples:

Example. (1) A compact semisimple Lie group can be turned into a Riemannian
symmetric space.

(2) Any compact orientable Riemann surface of genus g > 2 is locally Riemannian
symmetric but not Riemannian symmetric. They are all quotients H3/T", where
[ < Iso(H3)° is a discrete cocompact subgroup (isomorphic to the fundamental
group of the surface).

(3) Quotients of 2-dimensional real hyperbolic space by SL(2,Z) or by any finite
index subgroup are locally Riemannian symmetric with finite volume but not
compact).

(4) Borel showed that any Riemannian symmetric space, whose isometry group
is semisimple, admits a quotient that is of finite volume and compact (using
number theoretical arguments).

In fact, developing the theory leads to the first fact that any symmetric space is
of the form R™ x G /K, where R™ is a Euclidean space and G is a semisimple Lie
group that has an involutive automorphism o whose fixed point is essentially K (in
fact, (G7)° < K < G7).

It is clear from the above examples that the theory of Riemannian locally sym-
metric spaces is part of the realm of discrete subgroups of semisimple Lie groups.
We will soon leave aside the Riemannian locally symmetric spaces and concentrate
on the Riemannian globally symmetric ones.

I1.2.2 Algebraic Characterization of Symmetric Spaces

A symmetric space can be characterized from a purely algebraic point of view as
follows. Take a connected Lie group and o: G — G an involutive automorphism
0% = 1Id. A symmetric space for G is a homogeneous space G/ H such that H < G°
is an open subgroup (hence union of connected components). If the group G? of
o-fixed points is compact, then G? can be equipped with a Riemannian metric by
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considering any G7-invariant inner product on the tangent space at eG? (which
is possible since G is compact) and smearing it around using the G-action. If
(G7)° < K < G7, then G/K is a Riemannian symmetric space.

Remark. Differentiation of ¢ gives a decomposition of g into g = h & m, where
h = Lie(H) is the eigenspace with eigenvalue +1 and m is the eigenspace with
eigenvalue —1. Then [h,h] = b, [h,m] C m and [m, m] C h. These three conditions
indeed are equivalent in turn to the existence of an involutive automorphism of G
with b as a +1 eigenspace and m as a —1 eigenspace.

1.2.3 Equivalence between the two Characterizations

If M is Riemannian symmetric, then M = G /K, where G = Iso(M)° and K =
Stabg(p), where p € M is any point. Then K is compact and o: G — G, defined by
o(g) = spgsp is an involutive automorphism of G such that (G?)° C K C G’ (and
is hence open).

To see the converse, that is that M = G/K is Riemannian symmetric, we need
to define s,: M — M, where p = hK € M. For | € G we set s,(IK) = ha(h"')K,
where o is the involution of G fixing K. One can then see that s,(p) = p, s, € Iso(M)
and dps,: T,M — T,M is just d,s, = —1Id.

1.2.4 Decomposition, Classification and More to Follow

In 1926 Cartan classified all simply connected Riemannian symmetric spaces. Using
the de Rham decomposition, one can see that any simply connected Riemannian
symmetric space can be written as a product of My x M, x M_, where

— My has zero curvature and is hence isometric to R";
— M, has non-negative sectional curvature;
— M_ has non-positive sectional curvature.

The simply connected symmetric spaces of non-negative curvature are those of
compact type, while the M_ are of non-compact type. Both have semisimple isometry
group. The compact and non-compact symmetric spaces are moreover dual one
of the other (resembling the analogy between spherical geometry and hyperbolic
geometry, that can be, in fact, explained by this duality).

An important invariant of a symmetric space is its rank. This can be explained
from a Riemannian geometrical point of view as the maximal dimension of any
totally geodesic subspace of M (that is the maximal dimension of a subspace of the
tangent space to any point in which the curvature is zero). From the Lie theoretical
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point of view the rank is given in terms of the dimension of a Cartan subalgebra,
that is a maximal abelian subalgebra that is diagonalizable.

If the rank is one, the maximal flats are geodesics. Thus the curvature is either
negative or positive, and we have as examples the hyperbolic spaces defined before
(in negative curvature) and the sphere (in positive curvature).

Here we will focus mostly on symmetric spaces of non-compact type. In this
case K < (G is a maximal compact subgroup (and all maximal compact are conju-
gate). We will also see various decompositions such as the Cartan and the Iwasawa
decomposition. Finally we will study the geometry at infinity of a symmetric space.

I.2.5 (Maximal) Prerequisites in Riemannian Geometry

e Parallel transport, geodesic and the exponential map;

e Isometries of a Riemannian manifold as a metric space;

e de Rham decomposition;

e Levi-Civita connection;

e Curvatures (Riemann curvature tensor, sectional curvature);

e Jacobi fields.

1.2.6 Textbooks
1) A. Borel, [Bor98|

2) M. Bridson and A. Haefliger, [BH99]
3) M. do Carmo, [dC92]

(

(2)

(3)

(4) P. Eberlein, [Ebe96]
(5) S. Helgason, [Hel01]
(6)

6) S. Kobayashi and K. Nomizu, [KN9G|



Chapter 11

Generalities on Riemannian
Globally Symmetric Spaces

I1.1 Isometries and the Isometry Group
A Riemannian metric g on a smooth manifold M is a map that associates to every

x € M a scalar product on T, M such that for every coordinate chart ¢: U — R”
the function

U— R
x> go ((datp) 7' (es), (dutp) " (eg)) 1<, j<m

is smooth, where e; denotes the j-th vector of the standard basis of R".
The length I(c) of a smooth pat c¢: [a,b] = M is defined as

l(c) = b Gery(€(t), ¢(t))dt
[

where ¢(t) is the tangent vector to the path ¢ at the point ¢(t).
If M is connected,

d(x,y) = inf {i(c) : ¢ a smooth path from a to b}

defines the Riemannian distance between two points x and y.
A geodesic between two points is a smooth path that is length minimizing.

!By a smooth map c: I — M from an interval I C R into a smooth manifold we mean the
restriction of a smooth map defined on an open interval containing I.

9
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Definition: Isometry

An isometry between two Riemannian manifolds (M, g), (N, h) is a diffeomor-
phism f: M — N such that g = f*h, that is, if d,f: T,M — TN is the
differential, then

hf(P)(de(u)> dpf(v)) - gp(ua U) )

for all u,v € T,M.

It is easy to see that a Riemannian isometry maps geodesics to geodesics and
hence preserves the Riemannian distance. But actually the converse also holds:

Theorem II.1: [Hel01, Theorem 1.11.1]

Let M be a Riemannian manifold and ¢: M — M a diffeomorphism. Then
the following are equivalent:

(i) ¢ is a Riemannian isometry,

(ii) ¢ preserves the Riemannian distance.

The following is an extremely useful rigidity result for connected Riemannian
manifolds. Its states that Riemannian isometries are completely determined by the
local data at one point.

Lemma II.2: [Hel01, Lemma 1.11.2]

Let f;: M — N, i = 1,2, be two isometries between Riemannian manifolds
and assume that M is connected. Suppose there exists a point p € M such
that

filp) = folp)  and  dpfi =dpfo.
Then fl = fg.

We start the proof by recalling few facts that will be useful also in the following.
The Riemannian exponential map Exp, at a point p € M is defined from a neigh-
borhood Uy of 0 € T,M to a neighborhood of p in M as follows. Let X, € T,M,
and let vx, be the unique geodesic vx,: (—€,€) — M, such that

7x,(0) =p and ¥x,(0) = X,

Exp,(X;) = 7x,(1).
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An open neighborhood of p that is the diffeomorphic image of a star shaped neigh-
borhood of 0 € T,M under Exp, is called a normal neighborhood

If f: M — M is an isometry and 0 € Ny C T,M (resp. 0 € Ny C Typ,yM) is a
neighborhood where Exp,, (resp. Exp f(p)) is defined, then the diagram

d
No 2L Ny

Eprl lEpr(p)
f

M—M
commutes.

Proof of Lemma. By hypothesis f := f, o fi: M — M is an isometry that
satisfies

fp)=p and df=1Id.
so that the set
S={qeM: flq) =q, df =1d}

is closed and non-empty as p € S. We show that S is open.
Let ¢ € § and U = Exp,(Ny) a normal neighorhood of ¢. Then for all v € T, M
and t € R with tv € Ny we have

f(Equ(tv)) = Expy(y (tdyf(v))
= Exp,(td,f(v))
= Exp,(tv)

which shows that f|y = Id. Thus U C § and hence S is open. As S is a closed and
open non-empty set of the connected set M it is equal to all of M. |

The isometries of a Riemannian manifold (M, ¢g) form a group under composition,
denoted Iso(M), that can be endowed with the compact-open topology, i.e. the
topology generated by the subbasis

S(C,U) = {f € Iso(M) : f(C)C U}

where C' C M is compact and U C M is open.

Theorem II.3: [Hel01, Theorem IV.2.5]

Let M be a Riemannian manifold. Then Iso(M) with the compact-open topol-
ogy is a locally compact group acting continuously on M.
Moreover, the stabiliser Stabso(ary(p) of a point p € M is compact.
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Idea of proof. The proof relies upon the following two facts:

1. If M is a metric space, then the compact-open topology on Iso(M) coincides
with the topology of uniform convergence on compact sets.

2. If (fn)n>1 C M is a sequence such that for some p € M the sequence (f,,(p))n>1
converges, then there is f € Iso(M) and a subsequence that converges to f in
the compact-open topology.

To see the compactness of the stabiliser, we consider the map
StabISO(M) (p) — O(TpM)
fr=d,f.
Then Lemma implies that if d,f = Id, then f = Id.

I1.2 Geodesic Symmetries

Definition: Riemannian Symmetric Spaces

Let M be a Riemannian manifold.

e M is Riemannian locally symmetric if for each p € M there exists a
normal neighborhood U of p and an isometry s,: U — U such that

(1) (sp)* =1d
(2) pis an isolated fixed point, i.e. p is the only fixed point of s, in U.

The map s,: U — U is called a geodesic symmetry.

o M is Riemannian globally symmetric if for each p € M, s, can be ex-
tended to an isometry defined on M.

Here is the relation between Riemannian locally symmetric and Riemannian
symmetric spaces:

Theorem I1.4: [Hel01, Theorem IV.5.6]

A complete simply connected Riemannian locally symmetric space is Rieman-
nian globally symmetric.

In particular, the universal covering(o)f a complete locally symmetric space is
globally symmetric and every complete locally symmetric space is a quotient
of a complete globally symmetric space by a discrete torsion-free group of
isometries isomorphic to the fundamental group.
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Remark. The converse of Theorem does not hold, as for example S* is a
Riemannian globally symmetric space that is Riemannian locally symmetric by def-
inition but not simply connected.

We will only be concerned with Riemannian globally symmetric spaces, so the
terminology “Riemannian symmetric space” or short RSS is from now on intended
to mean “Riemannian globally symmetric space”.

The following lemma relates the definition of geodesic symmetry at the begin-
ning(o)f this section with the intuitive one mentioned in the previous one.

Lemma I1.5

Let M be a Riemannian manifold and p € U C M where U = Exp(Ny) is a
normal neighborhood of p. Let s, € Iso(M) be an isometry such that p is the
only fixed point. Then the following are equivalent:

(i) (s,)? = Id
(i) d,s, = —Id.
In either case, it holds that
$p(Bxp, (t0)) = Exp,(~tv)

wherever Exp is defined.

\ J

Proof. (it) == (i): By the chain rule it follows from d,s, = —Id that

(dys,)? = dy(s,)? = (—Id)? = Id = d, Id.

Since sf,(p) = p = Id(p) the claim follows from Lemmalz

(1) = (i1): From s; = Id we get (dys,)* = Id, where (dys))*: Tp(M) — T,(M).
Hence d,s, has eigenvaluesEl—l—l or —1. If +1 were to be an eigenvalue, then there
would be 0 # v € T,M such that (d,s,)v = v. Thus, for every tv € N, we would
have that

sp(Exp(tv)) = Exp(dys,(tv))
= Exp(tv)

Hence Exp(tv) would be a fixed point for every ¢ such that tv € Ny, contradicting
the fact that p is the only fixed point of s,,. |

2Let V be a real vector space. Then any map A € End(V) such that A? = Id is diag(o)nalizable.
In fact, if (-,-) is any inner product, then A is in the orthogonal group of the inner product
< u,v >= (u,v) + (Au, Av) and hence is diag(o)nalizable.
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The following corollary follows immediately from Lemma and Lemma [[T.2}

Corollary I1.6

If M is a connected Riemannian manifold and p € M, then there is at most
one involutive isometry s, with p as isolated fixed point.

Proposition I1.7

If M is a Riemannian symmetric space, then it is complete. Moreover, the
connected component Iso(M)° of the isometry group Iso(M) acts transitively
on M.

The completeness in Proposition is both as metric space and geodesically.
This follows from the following classical theorem:

Theorem I1.8: Hopf—Rinow

Let M be a connected Riemannian manifold. Then the following are equiva-
lent:

i) Closed and bounded sets are compact,
(i) p
(ii)) M is a complete metric space,

(iii) M is geodesically complete, that is, Vp € M the exponential map is
defined on the whole tangent space.

As a consequence of any of the above, for all p,q € M there exists a geodesic
connecting p and q.

The proof of Proposition relies on the following lemma, whose proof we
postpone.

Let M be a Riemannian symmetric space. Then the map M — Iso(M) defined
by p + s, is continuous.

Remark. If M is a Riemannian symmetric space, o0 € M a basepoint and

K = Stabiso(ar)(0),
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then the orbit map
ISO(M)/K S M
9K — g(o)
is a homeomorphism.

Proof of Lemma[II.9 We verify that

So(p) = 95p9 (IL.1)

and, again by Lemma [I1.2|it is sufficient to check that the maps above and their
differentials agree at some point;:

9559 (9(p)) = gsp(p)
=g(p)
= 5400 (9(P))

and

dg(p) (9517971) = (dpg)(dpsp)(dg(p)gfl)
= _(dpg)(dg(p)g_l)
= _dg(p)[d
=—Id

= dg(p)Se(p)-

Let p € M and let g € Iso(M) be such that g(o) = p. Consider then the following
diagram

ISO(M)/K 9K9(0) 9(0)84(0) Tso( M)

g—=gK _1
99509
Iso(M)
where:
e first arrow 1n the top line — 1s the orbit map giK +— g(o),
1) The fi in th line 150(M) /- M is the orbi K

which is a homeomorphism.
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(2) The diag(o)nal arrow Iso(M) — Iso(M) defined as g — gs,g™" = S4(0) is con-
tinuous because of (II.2)) and since Iso(M) is a topological group. Moreover it
factors through K, since K = Stabys(ar)(0), thus giving a continuous map

Iso(M) /. Tso( M) (11.2)

ggsog

Iso(M)

The composition of the inverse of the orbit map with the map in (IL.2) realizes
M — Iso(M), g(0) — s4(s) as composition of continuous maps.
|

Proof of Proposition[IL7 Let a < band v: (a,b) — M a geodesic segment. We will
show that 7 can be extended to (a,b 4 2¢) where € = 222,

a at+e a+2 b—e b b+ 2¢

This will show that v can be extended to R and hence M is geodesically complete
and, by Theorem [[1.8] also metrically complete.
Let p := (b — ¢) and consider the geodesic segment

n: (a+2e,b+2) — M
t = s, (Y(a+b+2e—1)).

p=n~(b—¢)
(dysp)(v) v =A(b—e)
Note that this makes sense, because t € (a + 2¢, b+ 2¢) implies that
a=a+b+2c—(b+2)<a+b+2c—t<a+b+2c—(a+2)=0>.
To see that n extends v as geodesica, we need to check that
(1) n(b—¢€) =~(b—¢), and
(2) nb—e)=9b—¢).
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In fact,
n(b—e) =nla+3e) =5, (v(b—¢)) =v(b—¢)

since s, fixes p. Also, by the chain rule,

n(b—¢e)=1(a+3e)

= % _On(a+3€+t)

_ %t:Osp(fy(a—l—b—f-?t‘—(a+3€+t)))
:%tzosp(y(b—s—t))

= (dpsp) (_'Y (b—g))

=3 (b-2)

which implies by the uniqueness of geodesics that

77|(b—25,b) = 7|(b—25,b) :

This means that we can prolong 7 to (a,b + 2¢) using 7.
Let p,q € M and ~v: [0,t] — M with v(0) = p, ¥(t) = q. Then

q = Sy1/2)(D),

which shows that Iso(M) acts transitively on M. We want however to show that
Iso(M)° acts transitively. Since we showed in Lemma that the map p — s,
is continuous and we know that M is connected, the image of M is contained in
a connected component, although there is no guarantee that it is the connected
component of the identity. We consider then the map

M x M — Iso(M)

(r,q) = Sp © 8¢

which is continuous and whose image contains 312) = Id. It follows then that the
image of this map is contained in Iso(M)°. If v is a geodesic from p to g with
v(0) = p and ~(t) = ¢, then

Sy(t/2) © Sp(p) = ¢. L

Corollary I1.10

Let (M, g) be a Riemannian symmetric space, p € M and K = Stabis(ar)(p)-
Then K meets every connected component of Iso(M).
In particular, Iso(M)® is open and of finite index in Iso(M).
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Proof. Take g € Iso(M). Since Iso(M)° acts transitively, there is gy € Iso(M)° such
that gop = gp. But that means that there is an element £ € K such that g = gok.
Thus k € glIso(M)° and K meets every connected component.

To see the second assertion, we note that Id € K°. Thus K° < Iso(M)° and the
homomorphism

a: K — ISO(M)/ISO(M)O

factors through K°:
K Iso(M
K~ so( )/ISO(M)O'

By the first assertion this is surjective and hence

e

<oo = )ISO(M)/ISO(M)O < 0 [ ]

A classical theorem of Myers and Steenrod asserts that the isometry
group of a Riemannian manifold is a Lie group. The idea is to consider orbits of
points and parametrise in this way Iso(M). We sketch here the proof in the special
case of our interest: namely, knowing that a RSS is a homogeneous space G/K we
consider the principal G-bundle G — G//K and we induce the Lie group structure
as a local product, using that K < O(n,R) is a Lie group.

Theorem II.11: |[Hel01, Lemma IV.3.2, Theorem 3.3 (i)]

Let M be a Riemannian symmetric space. Then G := Iso(M) has a Lie group
structure compatible with the compact-open topology and it acts smoothly
on M.

Moreover, if o € M is a base point, then M is diffeomorphic to G/K, where
K = Stabg(0) and contains no non-trivial normal subgroups of G.

Sketch of the proof. The map K — O(T,M,g), defined by k — d,k, is a homeo-
morphism onto its image. Hence K can be identified with a closed subgroup of
O(T,M, g), from which it inherits a unique differentiable structure compatible with
the topology, which makes it a Lie group.

Let 7: G - M = G/K be the natural projection, 7(g) := g(0). We will construct
a continuous local section of 7, that is a map ¢: U — G, where U is a normal
neighborhood of p in M, such that 7 o ¢ = Id. From this it will follow that ¢ is a
homeomorphism onto its image B := ¢(U) (it is clearly injective and its continuous
inverse is 7|p). Thus we can define

¢:Ux K — 7 HU)
(z, k) = o)k
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that is continuous and bijective with inverse map given by

gl (U)—» UxK
g+ (g9(p), ¢(g(p))p).

Thus ¢! is a homeomorphism between 7~1(U) > Id and U x K. The smooth
structure on G is then given by the smooth structure on translates of 7=*(U). The
differentiable structure will hence be given to G by using translates of open set BU,
where U C K is open and one can check that all the needed properties hold.

In order to construct the section ¢, let (t) be a geodesic in U such that v(0) = p.
As seen already in the proof of Proposition for every ¢, the isometry s.(/2) 0 5
maps p into (), that is

Sy(t/2) © $p(P) = (1)

Define then p(y(t)) = Sy(/2) © So. The map ¢ has the desired properties, since it is
obviously injective for small enough ¢ and continuous (Lemma.

If K were to contain a subgroup that is normal in G, then this subgroup would
act trivially on M = G/K, which is impossible. |

I1.3 Concepts of Riemannian Geometry

Definition: Vector fields

Let M be a smooth manifold, 7: T'M — M be the tangent bundle. A smooth
vector field is a section of 7, that is a map X: M — T'M such that 7o X =
Idyy.

We denote by Vect(M) the set of vector fields, which is a C*°(M)-module with
pointwise multiplication

(fX), = f(0)X, for  feC®(M),X € Vect(M).

If f e C®(M,M), we denote by d,f: T,M — Ty M its differential. Then any
X € Vect(M) acts on C*°(M, M) by

(Xf)p) = (dpf) (Xp)

At a point m € M, this amounts to taking the derivative of f in the direction of
X,

While functions can be differentiated on a manifold, we need a canonical way of
identifying tangent spaces at different points if we want to differentiate vector fields.

This is exactly waht is achieved with a connection.
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Definition: Connection

An affine connection on M is a map
V: Vect(M) x Vect(M) — Vect(M)

such that for all X, X" VY’ € Vect(M), for all f, f" € C*°(M) and for all
a,b eR,

(1) V is C°°(M)-linear in the first variable, that is
Vixtpx(Y) = fVxY + f'VxY
(2) V is R-linear in the second variable, that is
Vx(aY +bY') =aVxY +bVxY’
(3) V satisfies the Leibniz-rule, that is

Vx(fY + f'Y") = fVxY + f'VxY' + (X /)Y + (X f)Y".

Remark. The connection VxY (p) amounts to taking the derivative at p € M of Y
in the direction of X,. In fact, the value at the point p € M of VxY depends only
on the value X, of the vector field X at p, but on the other hand on the vector field
Y in a neighborhood of p.

Definition: Covariant Derivative

Let v: I — M be a smooth curve. A vector field along v is a smooth map
X: I — TM such that X(t) € T M. The covariant derivative of a vector
field X along 7y is V4 X.

We write Vect(y*T'M) for the vector space of vector fields along . Note that a
vector field along v is only a vector field whose basepoint is on 7y, but not necessarily
tangent to 7.

Definition: Parallel Vector Fields

Let X € Vect(y*T'M) be a vector field along a smooth curve . We say that
X is parallel if V5 X = 0.

Remark. Take v C R” and X € Vect(y*T'M). We can decompose

TR™ = RYy @ (RY)*
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dX
V:YX = pr(R,y)L (dt)

The same applies to the tangent vector along a great circle in S"~! C R" parametrised
by arclength. In fact, geodesics can be defined as curves v such that

Then it holds that

Vv =0.
[ |
In general it is extremely rare to find “constant” vector fields, that is vector fields

Y € Vect(M) such that
(VxY),=0. (I1.3)

for any p € M and all X € Vect(M). This is because the equation (IL.3) is an
overdetermined partial differential equation. On the other hand the existence and
uniqueness of the solutions of differential equations imply the following:

Proposition 11.12

Let M be a differential manifold and v € M a smooth curve. Given v €
T, 0)M, there is a unique vector field XV € Vect(y*I'M) parallel along v and
such that XZ;(O) = .

Definition: Parallel Transport

We can then define the parallel transport along a curve v from ~(0) to () as

Py og: ThoM — TywyM
v — X’z(t)

Because of uniqueness,

]P)'Y:[tlth] © ]P)%[to,tl] = ]P)%[to,tz] .

Vector fiels are locally differential operators of first order. It is hence clear that
the composition of two differential operators in general is not anymore a vector field.
This leads to the definition of the bracket [, | of two vector fields. If f € C*(M),
X,Y € Vect(M) and p € M, then

X YI(N)(p) = X, (V) = Yp(XF).

If our Riemannian manifold has a Riemannian structure, one wants that an affine
connection is compatible with the Riemannian structure. This leads to the following:
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Definition: Riemannian Connection

Let (M, g) be a Riemannian manifold. A Riemannian connection on (M, g) is
an affine connection such that in addition for every X,Y € Vect(M)

(4) VxY — Vy X = [X,Y]
(5) Xg(Y,Y") = g(VxY,Y') + g(Y,VxY’)

Remark. If v: I — M is a smooth curve, then the last condition can also be
rewritten as

d
79 Y )y = 9(V3Y, Y )y + 9(Y, Vi Y)

In particular if YY" are parallel vector fields along -, then
VY =V.Y' =0

implies that g(Y,Y”),q) is constant with respect to ¢. Thus parallel transport pre-
serves the inner product.

Theorem II.13: Fundamental Theorem in Riemannian Geometry

Given a Riemannian manifold (M, g), there exists a unique Riemannian con-
nection called the Levi-Civita connection.

Recall that a diffeomorphism f: M — M induces a linear map on vector fields
via the pushforward:

(feX)p = dp100 Xj-1(p)

which preserves the bracket

f*([Xa Y]) = [f*X, f*Y] :

Let (M,g) be a Riemannian manifold with Levi-Civita connection V. Let
v: R — M be a smooth curve and Y € Vect(y*T'M) a parallel vector field. If
f € Iso(M), then f.Y is a parallel vector field along f o .

Proof. We define

D: Vect(M) x Vect(M) — Vect(M)
(XaY) Hfgl(vf*Xf*Y) = DxY
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and show that all five properties of a Riemannian connection are satisfied. It then
follows by uniqueness that

VxY =7 (Vex YY) = fVxY) =V /Y.

If now X =+, then
[(V3Y) = Vs .Y =0
~—~—

=0

which means that f.Y is parallel along f.v = f o~.
While the properties (1), (2), (3) are obvious, we have to verify the last two:

(4) DxY — Dy X ¥ 7YV x £.Y) = [T (Vv £ X)
« linear ,._
PR L) LY = Vv f.X)

(4) of V.
= I 1([f*X,f*Y])
f+ Lie alzg. homo. [X, Y]

B g(DxY,Y') + g(V, DxY") & g(f7IV . kYY) + gV, £V x £Y)
f€lso(M)
D (VLY LY + (LY Vx £.Y)
DLV (£.X)g(LY, 1Y)
— Xg(Y,Y"). ]

Remark. Diff(M) acts on the set of affine connections as follows: Let f: M — M
be a Diffeomorphism and V: Vect(M) x Vect(M) — Vect(M) be a connection.
Then

D: Vect(M) x Vect(M) — Vect(M)
(X,Y) = [T (Vex 1Y) = DxY

is also an affine connection.
In particular, if M = G and f = L, we say that V is left-invariant if

VXY = (Lg);l(v(Lg)*X(Lg)*Y)

II.4 Transvections and Parallel Transport

We saw in the proof of Proposition that the set of geodesic symmetries is tran-
sitive on a Riemannian globally symmetric space. In particular, we saw that if
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p,qg € M and v: R — M is geodesic such that v(0) = p and ~(t) = ¢, then
4 = 54(1/2) © 54(0) (P)-

Definition: Transvections

The isometry 7, == 5,(/2) © 54(0) is called transvection along .

The first assertion of the following proposition explains the reason for this ter-
minology.

Proposition I1.15

Let M be a Riemannian globally symmetric space, v: R — M a geodesic and
Tot = 54(t/2) © 54(0) the associated transvection.

(1) For every c € R,
Tra(v(c)) = vt +¢).

(2) The differential dyoTy:: TyoyM — TywyM is the parallel translation
along the geodesic vy, that is, if v = X, ) € Ty M, then dT,v is
the associated parallel vector field along -, i.e.

(dy0)T7.)(X)70) = (X¥)50) (IL.4)

e}

(3) The map t — T, is a one-parameter group in Iso(M)°.

(4) T, is independent on the parametrisation of 7.

Proof. (1) Since geodesic symmetries map geodesics onto themselves changing the
orientation, the map 7., must map the geodesic vy onto itself and preserve its
orientation. If we assume that v is a unit speed parametrization, it follows that
the restriction to the geodesic (¢) has the form 7. ;(v(c)) = v(c + constant).
Since 7,,4(+(0)) = (1), then T;.(+(¢)) = 1t + o).

(2) Using the definition of 7., and the chain rule we get from the left hand side

of (1

(40 T2) (X )7(0) = dy(0) (85(2/2) © S50)) (X )4 (0)
= (dy(0) Sy(t/2)) (dy(0)84(0)) (X ) (0)
= (dy(0)S+(t72) (X )(0).

To elaborate on the right hand side of (I1.4) we start with the following:
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Claim: For every { € R,
(57(5))*){1} =-X". (HE))

In fact, since s, is an isometry for every [ and X" is parallel along v, then
by Lemma |IL.14] (s,¢)).X" is a vector field parallel along s,y oy = . At the
point y(l) the value of this new parallel vector field is

(550)(X")r0) = Ayt (ap 50Xt Gy
= (dywsy0) X0
——

=—1Id
= —(X")y0)

But —X7" is also parallel along v with value —(X"),q) at v(l). By uniqueness
of parallel vector fields with prescribed initial conditions we have proven the
claim.

Because of the claim with ¢ = ¢/2 and using the definition of the pushforward,
the right hand side of (II.4) becomes

(X)) = = (540/2))+(X)y0)

T (di(lt/z)(”(t))swt/m) (XU)S;&/M(”(”)
= = (dos2) (X0
which concludes the proof.
This follows from (1), (2) and from the fact that parallel transport is a one-
parameter subgroup. In fact 7. 4,44, (v(¢)) = T4, 0 Tot, (7(c)) and furthermore
iy Ttz = Prfetitatd

= Pw,[c+t1,c+t1+tz] © Pm[c,chtl]

= (d“/(C-I-tl)TY,tz) © (d"/(c),]'-%tl)
= dy(o)(Tout2 © Touta)-

we conclude by Lemmalll.2|that T ¢ e, = Ty, 0 Thy -

(4) A unit speed reparametrisation of v is ¢ — ¢ + a. Thus

Sy(t/2+a)Sv(a) = Sy(t/2+a)5+(0)5~(0)Sv(a)
= Tru2a(540)540)
= 7;,25-&-2(1(7;',2(1)_1
=T m
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Definition: One-parameter Group of Transvections

The map

R — Iso(M)°
t— Tyt

is called a one-parameter group of transvections associated to the geodesic 7.

I1.5 Algebraic Point of View

We have seen that if M is Riemannian (globally) symmetric, then M is diffeomorphic
to G/K, where G = Iso(M)° and K is the stabiliser of a point in M. In this section
we will deal with the natural question regarding the converse statement: namely,
which homogeneous spaces are Riemannian symmetric spaces?

Definition: Involution

A Lie group automorphism o: G — G is an involution if 0® = Id and o # Idg.

If 0 € Aut(G), weset G ={g€ G: o(g) =g}

Proposition I1.16

Let M be a Riemannian symmetric space and G = Iso(M)°. Fix a base point
o € M and let K = Stabg(0) be the isotropy subgroup of G at o. Then the
automorphism

o:G— G
g = $0950

is an involution of G and

(G < K < G°.

Proof. First we verify that g — s,gs, is involutive. In fact, since s? is the identity,
o*(g) = a(0(9)) = 0(50950) = 50(50950)50 = 5595, = 3.

We verify now that K < G, that is that for every k € K, o(k) = s,ks, = k. To
see this observe first of all that

a(k)(0) = (80ks,)(0) = so(k(s0(0))) = $6(k(0)) = 5,(0) = 0.
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Moreover, as d,o(k): To,M — T,M and d,s, = —Id, we have that
doo (k) = do(soks,) = (doSo)(dok)(dbs,) = dok.

By the usual rigidity argument of Lemma o(k) =k, that is K < G°.

Conversely, to show that (G7)° < K, it is enough to see that K contains a
neighborhood of the identity in G°. Let V C M be an open neighborhood of
0o € M. By continuity of the G—action on M, there exists an open neighborhood
U C G7 of e such that g(o) € V for all g € U. But if g € U C G, then

g= U(g) = 80950,
so that g(o) € V is a fixed point of s, as
$09(0) = gso(0) = g(0)-

Since s, has only isolated fixed points, we could chose V' small enough such that o
is the only fixed point of s, in V', which implies that g(0) = 0. Thus U C K. [ |

Notice that one cannot say anything more precise of the relation between K and
G7, as the following examples show:

Example. (1) Let M = S?, 0 = e3 and G = Iso(M) = SO(3,R). We can write s,
and g € SO(3,R) in block form as

() ()
w-(E (YD)

Go = {geSO(i%,]R) g = <gl 2) withAeO(Q,R),d—il,(detA)d—1}

so that

Thus

has two connected components. Since S? is simply connected and G is con-
nected, then also K is (:o1r1nectecEl7 so that (G7)° = K < G” and

K= {gESO(BJR) Cg= (161 ?) WithAeSO(Q,R)} .

3If G is a connected topological group, H < G a closed subgroup such that G/H is simply
connected, then H is connected. In fact, let H® be the connected component of the identity of H.
Then G/H® — G/H is a covering map. Moreover, since G is connected, then G/H is connected.
Since G/H is simply connected, the covering map must be the identity.
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(2) If M = P(R3) = S?/{+Id}, then G = Iso(M)° = Iso(M) = O(3,R)/{£Id}.
Since S? — P(R3), any isometry of P(R?) lifts to an isometry of S?. If g €
A 0
Stabg([es]) then g([es]) = [g(e3)] = [es], so that g = <0 :l:l)' Thus Stabg([es]) =
(O(2,R) x O(1,R)) / £ Id, which has two connected components. In this case
: A b A —b
also o: Iso(M) — Iso(M) is o coa)l =\ e 4
+1d, so that G = (O(2,R) x O(1,R)) / £ Id. Thus (G?)° # K = G°.

, since it commutes with

We point out that the phenomena arising in these examples can occur only
in symmetric spaces that are compact. In fact a non-compact symmetric space
is contractible and hence in particular simply connected. As a consequence the
covering map G/K° — G /K must be the identity and hence K must be connected.

Definition: Riemannian Symmetric Pair

Let G be a connected Lie group and K < G a closed subgroup. The pair
(G, K) is called a Riemannian symmetric pair if:

(1) Adg(K) is a compact subgroup of GL(g), and
(2) There exists an involutive automorphism o € Aut(G) of G such that

(G <K <G°.

Remark. Proposition |II.16| shows that a Riemannian symmetric space yields a
Riemannian symmetric pair. It makes sense to give then the following definition:

Definition: Riemannian Symmetric Pair associated to (), 0)

Let M be a Riemannian (globally) symmetric space, G = Iso(M)° and K < G
the isotropy subgroup of a point o € M. Then (G, K) is called the Rieman-
nian symmetric pair associated to (M, o).

The following theorem answers in particular the question at the beginning(o)f
this section.
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Theorem I1.17

Let (G, K) be a Riemannian symmetric pair with an involutive automorphism
o of G. Then G/K is a Riemannian symmetric space with respect to any G-
invariant Riemannian metric.

If 7: G — G/K denotes the natural projection, s, the geodesic symmetry at
o=m(K)=eK € G/K, is defined by the equation

5,0 =To0. (IL.6)

Corollary I1.18

The geodesic symmetry s, is independent of the choice of the G-invariant
Riemannian metric on M.

Remark. Recall that ker(Ad) = Z(G) and

o

Ko n 2(6) — Ado(K) < GL(g)

so that, loosely speaking, “the hypotheses is a bit less rigid than K being compact
as the center might compensate for some non-compactness.”

—~—

Example. Let G = SL(2, R) be the universal covering(o)f SL(2,R), and let o: SL(2,R) —
SL(2,R) be defined by o(g) := ‘g~ !. Let then 6: G — G be the unique lift of ¢ and
p: G — SL(2,R) be the covering map. Then

G° =p '(SO(2,R)) =R

is not compact but

is compact.

Before we prove Theorem we have a look at some examples of Riemannian
symmetric pairs:

Example. (1) G < GL(n,R) closed under transposition (e.g. SL(n,R), Sp(2n,R)
of SO(p, q)°). Let o € Aut(G) be

If G is not a subgroup of O(n,R), then o is an involution, G = G N O(n, R)
and G is connected such that (G,G7) is a Riemannian symmetric pair.
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(2) Let G < GL(n,C) be a closed connected subgroup which is invariant under
g+> g* ='g. If G is not a subgroup of the unitary group U(n), then ¢ is an
involution, G = GNU(n) is connected and (G, G7) is a Riemannian symmetric
pair. One could take for instance G = SL(n, C), GL(n, C), Sp(2n, C),SO(n, C).

(3) Take G = SO(n,R), R* = R?P @ R? and r € SO(n,R) such that r|g» = Id, and

T’Rq == —[dql
(14, 0
"= ( 0 —qu>

G = {(’g g) . A€ O(p), B € O(q), det(A) det(B) = 1}

Then

has two connected components and K = (G?)° or K = G?. For example if
p=1

e K =(G")° = G/K =2S0(n)/K = 5" !
e K =G = G/K =PR")
(4) The argument works similar for U(n).

We start the proof of Theorem [[I.17| with two lemmata that are g(o)od to em-
phasise.

Lemma I1.19: Cartan decomposition

Let (G, K) be a Riemannian symmetric pair with an involutive automorphism
o, and let g and € denote the Lie algebras of G and K respectively. Then

(1) t={X €g: deoX = X}, and
(2) ifp={Xe€g: doX =—-X}, theng=tDp.

Proof. (1) By definition of symmetric pair dim(G?)° = dim K = dim(G?) so that,
if ¢ is the Lie algebra of K,

t =Lie(G7)
={X e€g: exptX € G7 for all t € R}
={X €g: o(exptX) =exptX forall t € R}

:{X € g: exp(deo(tX)) = exp(tX), for all t € R}
={Xeg:doX=X}.
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In fact, since (d.o)? = Id, d.o is diag(o)nalizable with eigenvalues +1. If
X € g is an eigenvector with eigenvalue —1, then X ¢ Lie(G?) as it would
otherwise contradict that the Lie group exponential is a local diffeomorphism

(Proposition [A.3|[3)).
(2) We write
1 1
X = §(X +de.oX) + §(X —deoX)

and since (d.0)? = Id, then (X +d.oX) € ¢ and (X —d.oX) € p. [ |

Let (G, K) be a Riemannian symmetric pair with an involutive automorphism
o,and let p :={X € g: deo X = —X}. Then p is Adg(K)-invariant.

Proof. Notice first that

gock(g) = a(kgk‘*l)
"= o) (g)o(k)
9)

o
M ko(g)k !
=croo(g
and that by differentiation at the identity we get
(deo)(decy) = de(o 0 ) = de(cp 0 0) = (decy)(deo).
As Adg(k) = decg we can rewrite this as
deo o Adg (k) = Adg(k) o deo.
Now if X € p, we have d.o(X) = —X and we conclude that
deo(Adg(k)X) = Adg(k)(deo X) = Adg(k)(—X) = —Ada(k)(X).

that is,
Adg (k)X €p |

Proof of Theorem First of all, the diagram

G—2* .@

G/K_k>G/K
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commutes and it follows by differentiation that

Adg (k)
g g
dgﬂ-i ideﬂ'
dok
T, () 1, (V)
commutes as well, that is
dem o Adg (k) = dok o derr.

Moreover, the differential d.w: g — T,(G/K) is surjective (as 7 is surjective)
and has kernel ker d,m = €, so that we get the following commuting diagram

Adg(k)

p

p
] Lo

(@) 4m ()

and

p=T, (%)
not only as vector spaces, but also as K-spaces where the action of K on p is via
Adg on T,(G/K) is given by d, k.

Since Adg(K) is a compact subgroup of GL(g), there exists a positive definite
inner product B on p and, actually, any positive definite inner product can be made
Adg(K) invariant. In fact, if B': p x p — R is a positive definite inner product on
p and p is the Haar measure on Adg(K), then for X,Y € p the inner product

B(X,)Y) = / B'(k.X, k.Y) du(k)
Adg(K)

is obviously Adg(K)-invariant and can be proven to be non-zero.
We set now

Qu: T, (Y ) x T () — R
(X,,Y,) = Qu(X,Y) = B(det ' X,,d.7Y,)

which is now a K-invariant inner product on T,(G/K) and we extend it to T,,(G/K)
by pulling back X,,Y, € T,(G/K), to d,g~'X,,dog™ 'Y, € T,(G/K), where g(0) = p
with g € G. Thus

QP(XP7 XP) = QO(dog_lXp’ dog_lyg)) ) (II?)
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Notice that this is well defined since @), is K-invariant. In fact, if g(0) = p = h(o),
then h=tg € K, so that

Qo(dog ™ Xy, dog™'Yy) = Qo(do (™ g)dog™ Xy, do(h ™ g)dog™'Y)
= Qo(doh ™' X, d,h 1Y)

This gives a G-invariant Riemannian metric on G/K.

We need to define now the geodesic symmetries. We start with s,. Once we’ll
have defined this, if g(0) = p as above, then s, = go s, 0 g~! will give the geodesic
symmetry at any other point.

We define s, as a map that satisfies the relation

Sp0om=TOoa0 (IL.8)
that is
S =TMO0 O a1
It is easy to see that s, is well-defined. In fact, since K < G7, then
so(w) = m(o(n™}(2))) = (o (2k)) = 7(o(x)o(k)) = m(o(2)k) = n(o(2)).

We see now that s2 = Id. In fact, by applying(o)nce more s, on the left of (IL.8)),
we obtain

550 (sp0m) =s,0(m00)=(s,0m) 00 =(roc)ooc=mo0(0) =m,

so that (s,)? = Id as 7 is surjective.
Now we show that d,s, = —Id. The commutativity of the diagram

G——G

G/KgG/K

implies by differentiation that also

P2
o "
() 21 ()

commutes. Thus if X € p,

doso(deﬂ—(X)) - deTr(deU<X>) = _deﬂ—(X)a
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that is d,s, = —Id. Writing p = (g)o and recalling that s
also

g(o) = 930971 we see that

dg(0)Sg(0) = o) (9509 ")
= (dog) (doso)(dgeyg ")
W—’
=—1Id
= —(dog)(dg(0)g ")
— _1d

We will use this to that s, is an isometry, that is it preserves any G-invariant
Riemannian metric Q)

Qp(Xp, Yp) = Qs.(p ((dp‘SO)va (dpso)Yy) for all p € M,VX,,Y, € T,M

Before doing this, we have to gather some more information. Namely, we will
see that the geodesic symmetry at o intertwines the isometry g and its image under
o. In other words, applying twice the formula defining the geodesic symmetry
S,, we obtain that for x € G

S0 g(zK) = s, 0 m(gx)

=9 moo(gr)

O
Q
SN—
/—\
\_/

(m

)

)

(9)(so 0 7)(x)
a(g) o so(rK),

1
Q

that is
s,0g=0(g)os,. (I1.9)
Now
Qso(:v)((dPSO)Xpa (dps,)Yy) = Qs0(g(0)) ((dg(O) 50)(dog) Xo, (dg(0)50>(d09>Y0)
= Qso (9(0)) ((dO(S 9)Xo, (do(80 0 9)Y5)
Qoo ((Aof(9) © 5) X, (do(0(g) © 5)Y:)
- Qa(g (o)( 0(9) d_S ;:(07 d U( )diSOYY:))
= Qa(g (o)(d U( )Xm doa(g)}/o)
T Qu(X, Vo)
= Qo( o4 1X 7d0971Y;7)
= Qp(Xp, V).
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Hence s, is an isometry. |

Remark. Let M be a Riemannian symmetric space and (G, K) the associated
Riemannian symmetric pair with regard to an involution ¢ € Aut(G). We will
prove that o is unique.

Let 05, i = 1,2, be two involutions of G such that

(G7)° <K <G”™ for i=1,2.
Then
TOO0L = 8,0 =T OO0y

and thus
o1(h)(0) = o9(h)(0) for all h € G. (I1.10)
We still need to see that
o1(h)(p) = o2(h)(p)  Vh € G,Vpe M.
Let thus g € G be such that g(o) = p and let ¢’ be such that o1(¢’) = ¢g. Then

o1(h)(p) = o1 ()1 (g') (0)

—01(h9)()
o3(hg') (o)
_ oa(W)na(g)(0)
— 02(h)(p)
showing uniqueness.

The uniqueness of the involutive automorphism of a Riemannian symmetric pair
allows us to give the following definition:

Definition: Cartan Involution

If (G,K) is a Riemannian symmetric pair with involution o, the Cartan
involution is defined as
0 :=d.o:g—g.

The corresponding eigenspace decomposition g = € & p is called the Cartan
decomposition of g with respect to ©.

Remark. We saw in Lemma [I11.19| that such a decomposition exists and now we
also know that it is unique.
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Proposition I1.21

Let g = € ® p be the Cartan decomposition of g with respect to the Cartan
involution ©. Then

[e¢)CE, [EplCp, [pplCE.

In particular ¥ C g is a Lie subalgebra, while p C g is only a subvector space.

Proof. Let X,Y € g be eigenvectors with eigenvalues A\, € {£1} respectively.
Then

O[X,Y] = [0X,0Y] = [AX, uY] = Au[X, Y],

that is [X, Y] belongs to the eigenspace of © with eigenvalue Ap. |

II.6 Exponential Maps and Geodesics

Let (G, K) be a Riemannian symmetric pair associated to a a Riemannian symmetric
space M with base point o € M. By the last Remark, there is a unique involution
o and hence the Cartan decomposition of g is unique. Let m: G — M be the
projection map o — g(0), let exp: g — G be the Lie group exponential map and
Exp,: T,M — M the Riemannian exponential map.

The following theorem gives the relation between the two exponential maps,
namely:

Theorem I1.22

The following diagram

dem

p——=T,M

exp l l Expo

G———=M
commutes, that is 7(exp(X)) = Exp,(d.m(X)) for any X € p.
In particular, if X € p, then

t— (exp(tX)).o e M

is the geodesic through o € M at t = 0 with tangent vector d.w(X) € T,(M).
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Proof. If X € p, let y(t) = Exp,(tdem(X)) the geodesic in M through o at t = 0
and with tangent vector d.m(X) € T,M. Let T, be the transvection along ~:

Tt = Sa(t/2) © 54(0) = Sy(t/2) © So

Since 75, is a one-parameter subgroup in G, there exists Y € g such that 7,; =
exp(tY’) € G. So we have two geodesics which both g(o) through o at ¢ = 0. Since
moreover

m(exp(tY)) = 7(T:1)
= m($5(t/2) © 54(0))
= 55(t/2) © $4(0)(0)
= 5,(¢/27(0)
=(t)
= Exp,(td.m(X))

we are only left to show that X =Y.
To do this, we evaluate the derivative at ¢ = 0. By definition, the tangent vector
at t =0 to y(t) is dem(X). From

d d
— tY)) = dmr— tY) = dor(Y
” tzoﬁ(exp( ) T . exp(tY’) m(Y)

it follows thus that
dem(X) = denm(Y).

To conclude that X =Y we show that Y € p where d.7 is an isomorphism. To see
this we will show that d.o(Y) = =Y. Using that o(g) = s(0)g5+(0) We have

exp(td.o(Y)) = exp(deo(tY))
= o(exp(tY))
= 5(0) eXP(tY)$4(0)
= 5y(0) T7.154(0)
= 59(0)5+(t/2) 57(0)5+(0)
L
=1d
= S 0502
= (s3/2590)
= (T
= 7;7_25
= exp(—tY). [ |
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The above theorem shows, in particular, that the Riemannian exponential map
Exp: TM — M does not depend on its Riemannian metric and gives a formula for
the geodesics in M.

We are now interested in finding a formula for the derivative of the Riemannian
exponential map at a point X € p, a formula that we will use both in computing the
curvature tensor in §and in characterizing the totally geodesic submanifolds
of a Riemannian symmetric space in § [[L.7]

Theorem 11.23

Let G be a Lie group with Lie algebra g and let exp: g — G the Lie group
exponential map. By identifying Txg = g, we have that

dX exp: TXg = g— Texp(X)G

is given by
o0
(ad

dx exp = doLexp x © Z g
—~(n+ 1)!

(IL.11)

Let M = G/K be a symmetric space, o € M a base point with K = Stabg(0)
and 7: G — G/K. Recall that d.7: p — T,(G/K) is an isomorphism and we can
define Expod.m: p — T,(G/K) — G/K. Then we have:

Corollary 11.24

The differential
dx (Expodem): Txp = p = Timsp(x)ode(x))(0) M
of the Riemannian exponential map

Exp,od.m: p - G/K

is given by
— (T
dx(Exp,odem) = dpLexpx © — (I1.12)
P ; (2n +1)!

where Ty = (ady X)? for X € p.
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Proof. We recall that the diagram

commutes, so that
™o Lepr = Lepr oT. (1113)

In Theoremmwe have proven that for any X € p, moexp(X)|, = Exp, od.7X],,

so that, if we set £(X) =312 ¢ (fifl))(,) )

dx(ExpyodemX|,) =dx(moexp(X)|p)
=(dexpx) o dx (exp )
=(dexp x7) o dx(exp)|y
=(dexp x7) © deLexp x © L(X)
=do (7 0 Lexp x) 0 L(X)],
=de(Lexpx o) 0 L(X)];
=(doLexp x) © (dem) 0 L(X)],

where we used in the fourth equality Theorem :II.23 and in the sixth one (I1.13].
Now observe that, because of Proposition I[.21] ifY €p,

¢ if nisodd

p if n is even,

adg (X)"(Y) € {

so that

=0 if n is odd
=ady(X)"(Y) if nis even.

Thus

adX > adXQ”
dowo LX), = d. o ,
mo LX)y Z (n+1)! Z 2n+ 1)!

n=

which completes the proof. |
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I1.7 Totally Geodesic Submanifolds

Definition: Totally Geodesic Submanifolds

Let N C M be a submanifold of a Riemannian manifold (M, g). We say that
N is geodesic at p € N if for every v € T,N the M-geodesic through p with
tangent vector v is all contained in N.

We say that N is totally geodesic if it is geodesic at every point.

Remark. If (M, g) is a Riemannian manifold and N C M a submanifold, then g|y
is a Riemannian metric on V. A priori, if p,q € N, then

dy(p,q) < dn(p,q)
where dyy, dy are the distances induced by the metrics g and g|y respectively.
Fact. Assume N C M totally geodesic. Then
(1) the inclusion (N,dy) < (M, dy;) is locally distance preserving and

(2) every N-geodesic is an M-geodesic and every M-geodesic contained in N is
an IN-geodesic.

Example. (1) In R" all linear subspaces and their translates are totally geodesic.
S? C R3 however is not.

(2) In S™ the totally geodesic subspaces are the intersection of S™ with a linear
subspace of R+,

(3) (Cartan) Let M be a Riemannian manifold such that for any p € M and every
2-dimensional plane P C T,M, there exists a totally geodesic submanifold
through p which is tangent to P. Then M has constant curvature.

Theorem I1.25

Let (M, g) be a Riemannian manifold and N C M a connected submanifold.
Then N is totally geodesic if and only if the parallel transport with respect
to g along curves in N preserves the tangent spaces (i.e. parallel transport
preserves {T,N :p € N}).

Example. (Being totally geodesic is a local property)
™ =0  rE ST

If P C E" is a k-dimensional subspace, k < n, then 7(P) is a totally geodesic
submanifold of T". However, P can be chosen is such a way that 7(P) is dense in
T" (e.g. n =2 and P the irrational line).
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Definition: Lie Triple System

A subspace n of a Lie algebra g is a Lie triple system if [[X,Y], Z] € n for
all XY, Z € n.

Example. p C g since [p,p] C ¢ and [p, €] C p.

Lie triple systems correspond to totally geodesic submanifolds in the following
sense:

Theorem I1.26

Let M = G/K be a Riemannian symmetric space with o € M a base point,
K = Stab,(G) where G = Iso(M)°. Let g =t @ p be the Cartan decomposi-
tion.

(1) Ifn C p is a Lie triple system, then N := (Exp, od.7)(n) C M is a totally
geodesic submanifold through o € M and such that T,N = d.m(n).

(2) If N C M is a totally geodesic submanifold through o, then
n = (d.m)"Y(T,N) is a Lie triple system.

\

Remark. If N C M is a totally geodesic submanifold, let p € N and g € G be such
that g(o) = p. Then Lg_l(N ) is a totally geodesic submanifold through o to which
one can apply the theorem.

Lemma I1.27

If n C g is a Lie triple system, then
e [n,n] is a subalgebra and

e n+ [n,n] is a subalgebra.

Proof. If X, Y, Z,W € n, then, the Jacobi identity applied to [X,Y], Z and W reads
0=[[X, Y] [Z,W]+[[Y,[2 W], X] +[[[2, W], X] Y],
where [Y, [Z, W]],[[Z, W], X] € n. Hence
[[Xa Y]v [Zv W]] = _[[Y7 [Z7 W]LX} - [HZ’ WLXL Y} € [n,n] :
It follows that

n+ [n,n],n+ [n,n]] C [n,n] + [n, [n,n]] + [[n,n], [n,n]]
Cn+[n,mn.
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Proof of Theorem[I1.26 (1) Let n C p be a Lie triple system. By the lemma,

n+ [n,n] C g is a subalgebra and g = Lie(G). Let now G' < G be the
connected Lie subgroup such that

Lie(G') =n+[n,n] =g
Let then

G — M

g = g.o
and let K" = Stabg/(pg). Then K’ < G’ is closed since the inclusion G' — G
is continuous. Thus we can give M’ = G’ - o the topology and differential
structure of G'/K'. It follows that M’ is a submanifold of M and o € M' C M
is a base point.
We claim now that T,M’ = d.mw(n). Since M’ = G'/K’ and Lie(G') = ¢’ =
n + [n,n] it is enough to see that Lie(K’) = [n,n]. In fact, K’ = K NG’ and
thus

Lie(K') =tN (n+ [n,n]) = [n, 1]

since n C p (and hence €¢Nn = (0)) and [n,n] C € (since [p,p] C £). So given a
Lie triple system n, we found a submanifold M’ C M whose tangent space is
the Lie triple system. We are left to show that M’ is totally geodesic.

Let X € n, v := (dm)(X) € T,M'. The M-geodesic through o with tangent
vector v is
t — exp(tX), (o) = Exp,(tv).

But V¢t € R, tX € n and thus exp(tX) € G’ which implies exp(tX), - 0 € M’
and hence that M’ is totally geodesic.

We want to show that if N C M is totally geodesic, then n := (d.7)'T,N is
a Lie triple system.
Claim: If X, Y € n, then Tx(Y) € n.

Using this we want to show that if X,Y,Z € n, then [[X,Y],Z] € n. In
particular we observe

Ty 2(X) =adgy(Y + Z)(adg(Y + Z)(X))
=Y+ Z, Y+ Z X]]
=Y + 2, [V, X] +[Z,X]]
=Y [V, X[+ [V, [2, X[ + [2,[v, X]] + [Z,[2, X]]
=Ty (X) + Tz(X) + [V, [Z, X]] + [2, [V, X]],
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so that
Y, [Z, X]] + [Z,[Y, X]] = Ty 2(X) = Ty (X) = Tz(X) €n.
By the Jacobi identity

> V2, XN+ 2, [V X]] =Y, [Z, X]| + [[Z, Y], X] + [, [Z, X]]

=2[Y,[Z, X]| + [[2,Y, X]| (IL.14)
=2[Y,[Z, X]| + [X, [V, Z]]
and, exchanging the roles of X and Y,
20X, [Z, Y]]+ Y. [X,Z]] en. (I1.15)
Hence it follows from (IL.14) and (I1.15), and using twice the Jacobi identity,
that
n 2, [Z, X[+ [X, [V, Z]] = (2[X, [Z, Y] + [V, [X, Z]))
=2[X,[Z, Y] + 202, [V, X]| + [X, [V, Z2]] - (21X, [2, V]| + [V, [X, Z]])
=3[V, [Z, X]] + 3[X, [, Z]]
=3[Z, Y, X]],

that is n is a Lie triple system.

Proof of Claim: Take X € n = (d.7)"'T,N. Then we clearly have d.7(X) €
T,N and

(exp(tX))«o = (Exp, d.m(X))

is an M-geodesic through o such that the tangent vector at o is d.w(X) € T,N.
As N is totally geodesic,

t — Exp,od.m(X) e N  VteR

Now
Exp,

PN o Ve O
and thus
dex (Exp, odem): Tixn =1 = Tipxp, odem)(ex) IV

It follows from Corollary |I1.24|that VY € n,

dix (Exp, odem)(Y) = doLexprx © de (Z M) |
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Applying the inverse of d,Ley,x) to both sides we get

(doLexp(ex)) ™" dx (Exp, odem) (V) = derr (Z M)

TV
€T (Exp, oden)(tX)

and we therefore want to see that
— (T;x)"(Y)
d, ~ =7 7 T.N
T (nz_% EERA

By Theorem [I1.22| the curve ¢ — exp(tX) is a geodesic and T, = exp(tX).
It follows then from Propomtlon that d7,:: T,y — T is the parallel
transport along +. Therefore, d (Lexp ix)) "' is the parallel transport along
t — exp(tX). Since N is totally geodesic, this geodesic is completely contained
in N and parallel transport preserves {1,N : p € N}:

oo

Tix(Y)

—— €n
— (2n+1)!

n

We write

o

2n+1)'

ad ) (Y)
- Z )

zad( )(Y> 4
=t 3l +t5(...)

and
00| = a0 = ST €n

which concludes the proof.
|

Remark. Take n C g a Lie triple system with totally geodesic submanifold N =
Exp(n) through o. Then g’ = n + [n,n] is a subalgebra of g with associated Lie
subgroup G’ < G. Set K' := K NG’ and let © = d.o be the Cartan involution.
Note that

60X =-X vVXencCyp

and that moreover

O([n,n]) = [O(n), O(n)] C [n,7]
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implies
Og)=¢ and o(G)CqG.
Let now ¢’ := 0| be an involution of G'. We want to show that

!

((Gl)o")o c K C (G/)U.

It so, then (G, K') is a Riemannian symmetric pair associated to N, which is there-
fore a Riemannian symmetric space N = G'/K’.
Note now that

K =KnG c(G)nG c (&)
K'=KnG > (G)>nG
but (G7)° N G’ is an open subgroup of G’ and thus
(Go)o NG’ > ((Gl)a’)o

I1.8 Example: Riemannian Symmetric Pair
(SL(n,R),SO(n,R))
Let us consider
G =SL(n,R) ={g € M,xn(R): detg=1}.
We consider the involutive automorphism o: G — G, defined by g — (¢*)~'. Then
G ={9eG:(¢") " =g} ={9eG:g'g=¢}=50(n) =K.

SO(n,R) is compact, thus (SL(n,R),SO(n,R)) is a Riemannian symmetric pair.
The Lie algebra g = Lie(G) = sl(n,R) consists of all (n x n)-matrices with trace
0 and entries in R and the exponential map exp: sl(n,R) — SL(n,R) is the matrix

exponential
oo

XTL
It follows that
exp(X') = (exp(X))*
and thus also that
o(exp(tX)) = exp(—tX").

It is then immediate that the Cartan involution ©: sg(n,R) — sg(n,R) is given by

0(X) = jt exp(—tX') = - X"
t=0



46 CHAPTER II. GENERALITIES ON GLOBALLY SYMMETRIC SPACES

By noting that
t={X esl(n,R): 0X = X}
= {X €sl(n,R): —X* :X}
p= {X € sl(n,R) :Xt:X}

the Cartan decomposition is given

1 1
X = §(X—Xt)+§(X+Xt),
et €p

that is, the decomposition of X into its antisymmetric and symmetric part.
We then want an Adg(K)-invariant inner product on p. For this we recall that
Adg: G — GL(g) is conjugation since G < GL(n,R)

Ada(g)(X) = gXg .
We then start by defining
Mysn(R) X Mpn(R) — R
(A, B) — Tr(A'B)
which is clearly Adg(O(n,R))-invariant and on p actually reduces to
(A, B) — Tr(AB).
Consider the model
P'(n) = {S € Mpun(R): 5" = S,det S =1,5 > 0}
for SL(n,R)/SO(n,R) where SL(n,R) acts on P’'(n) via
9.5 = gS'g.
Notation. Take 1 € P’(n) as base point. We proved that
(Expy odem)(X) = (exp X),1

and we thus write
Exp := Expy od.7

that is,

Expq

p 2T TyP'(n) P'(n)

Exp
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Fact. Exp: p — P’(n) is a diffeomorphism and if we consider Exp(0), Exp(X) €
P’(n), then there exists a unique geodesic between those two points (¢ — Exp(tX))
and this geodesic is length minimizing
d(Exp(X), Exp(0)) = [|X]|.
Let now X € p and note that

Exp(X) = (exp X).1

= exp(X)Lexp(tX)
= exp(2X)
and
exp(—X), Exp(X) = exp(—X) Exp(X) exp(—X)
= exp(—X) exp(2X) exp(—X)
=1¢€ P (n).
Let also

a= {diag(xl, ey X)) Zmz = 0}

such that a C p since a’ = a and [a,a] = 0. It follows that a is a Lie triple system
and thus also that

F =Exp(a) = {diag(xl, ey X)) 1_[;1:Z = 1}

is a totally geodesic submanifold.
We compute the distance in F. Take X, X, € a and Exp(X;), Exp(Xs) € F.
Then
d(Exp(X1), Exp(X3)) = d(exp(—X2), Exp(X1), 1)
= d(exp(—X3) exp(2X,) exp(—X2), 1)

FEI glexp(2X, — 2X0), 1)
X1 = X

F%ct
We have thus shown that Exp: a — F is an isometry. We call F' a flat and note
that dim(F') = n — 1. More generally we will see that sl(n,R) contains a maximal
abelian subalgebra that is diag(o)nalizable (= a) and we will call the dimension the
rank.
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I1.9 Decomposition of Symmetric Spaces

I1.9.1 orthogonal Symmetric Lie Algebras

We have seen that a globally symmetric space M together with the choice of a base
point 0o € M gives rise to a pair (g, ©), where g is the Lie algebra of (the connected
component of) the group of isometries of M and © is the Cartan involution, that
is the differential © = d.o of the involutive automorphism ¢ of GG induced by the
geodesic symmetry at o.

Recall. The Killing Form of a Lie algebra g is a bilinear symmetric form

By: g x g = K = field of definition of g
(X,Y) = Tr(adg(X) adg(Y)

Recall also the following properties of the Killing form:
(1) If @ € Aut(g), then

By(a(X),a(Y)) = By(X,Y) VX,Y €g

(2) If D € Der(g) is a derivation, that is, D satisfies
DIX,Y] = [DX,Y] + [X, DY]

then we have that
By(DX,Y)+ By(X,DY) = 0.

In particular, if Z € g, then ady(Z) € Der(g) and hence

By(ady(2)(X),Y) + By(X, adg(Z)(Y)) = 0

Properties of (g,0) related to a Riemannian symmetric pair (G, K).
(1) © is an involution of g and Lie(K) = ¢ is the eigenspace with eigenvalue 1.

(2) ady = d.Adg and since K is compact, Adg(K) < GL(g) is a compact subgroup.
Moreover, Lie(Adq(K)) = ady(¥).

Definition: Compactly Embedded

Let g be a Lie algebra. We say that a subalgebra u C g is compactly embedded
if adg(u) C gl(g) is the Lie algebra of a compact subgroup U < GL(g).
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Remark. We would like to say that U = Adg(K), K < G compact and K = U
but K might have a center

v =26y n i

Fact. Any such group U is a subgroup of Aut(g).
Proof: By naturality of the adjoint representation we have for allt € R, X € g

Adg(exp(tX)) = exp(ady(tX)).

But Adg(g) = dec, which implies that Adg(g) € Aut(g) for every g € G. It follows
that
Lie(U) = ady(u) C Lie(Aut(g))

and thus that U° < Aut(g). Since U is connected, this implies that U C Aut(g)
which concludes the proof.

Definition: (Effective) orthogonal Symmetric Lie Algebra

(1) An orthogonal symmetric Lie algebra (OSLA) is a pair (g,©),
where g is a Lie algebra over R and © € Aut(g) is an involutive auto-
morphism of g such that its set of fixed points u = {X € g: X = X}
is a compactly embedded subalgebra of g.

(2) The orthogonal symmetric Lie agebra (g, ©) is effective if g N3 = {0},
where 3 C g is the center of g.

Remark. We note that since © is an involution (0% = Id) it can only have the
eigenvalues £1. We write

u={Xeg:0X =X}
e={X€g:0X =-X}

for the corresponding eigenspaces.

The prominent example of effective orthogonal symmetric Lie algebra is the pair
(g,0) coming from a globally Riemannian symmetric space (see Theorem |II.11‘ .

~—

Lemma I1.28

(1) The decomposition g = u @ e is orthogonal with respect to the Killing
form B,.

(2) If g is effective, By | is negative definite.
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Proof. (1) Let X € uand Y € ¢ be arbitrary, so that, by definition, ©X = X and
OY = —Y. Moreover, since © is a Lie algebra automorphism,
By(X,Y) = B4(0X,0Y) = By(X,-Y),
which implies that By(X,Y) = 0.

(2) Let (,) be an inner product on g that is U-invariant. Therefore U C O(g, (-,-))
and Lie(U) = adg(u) C o(g, (-,)), that is, elements in ady(u) are skew-symmetric
with regard to (-,-). Thus if X € u and {ey,...,e,} is a basis of g, then

By(X, X) = Tr(ady(X)?)

n

= > (ady(X)es )

= Z<adg(X)€j7adg(X)€j>
== lladg(X)es
<0

where we have equality if and only if ady(X) = 0, that is X € unz(g) = (0).
|

Definition: Compact, Non-compact and Euclidean Type

Let (g, ©) be an effective orthogonal symmetric Lie algebra with Killing form
By, and let g = u @ ¢ be the decomposition of g into the eigenspaces of ©
corresponding respectively to the +1 and the —1 eigenvalue.

(1) (g,0) is of compact type if By is negative definite.
(2) (g,©) is of non-compact type if By | is positive definite.

(3) (g,0) is of Euclidean type if ¢ is an abelian ideal.

Recall. (1) The Killing form By restricted to u is negative definite, since u is com-
pactly embedded.

(2) A Lie algebra g is simple if

e g is not abelian and

e g contains no non-trivial ideals.
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(3) A Lie algebra g is semisimple if it is the direct sum of simple ideals:

g= (o)plusjgj.

Recall also that g is semisimple if and only if B, is non-degenerate.

Remark. In cases (1) and (2) of the Definition, g is semisimple.
Moreover, (g,©) is of Euclidean type if and only if [e,e] = 0.

The following will be needed for the proof of Theorem|I1.41] A proof is given in
Marcs Notes Chapter IV, part 1.

Proposition 11.29

If g is semisimple, then
Der(g) = ad(g).

In other words, every derivation of g is inner.

We say that a pair (G, U) is associated with an orthogonal symmetric Lie algebra
(g,0), if G is a connected Lie group with Lie algebra g, and U is a Lie subgroup
of G with Lie algebra u. So one can define the type of a pair (G,U), according to
the type of the effective orthogonal Lie algebra to which it is associated. Similarly,
the type of a globally symmetric space M is defined as the type of an associated
symmetric pair (G, K) naturally associated to an effective orthogonal symmetric Lie
algebra (g, ©) as above.

Notice that, even though every choice of a base point gives rise a priori to a
different Riemannian symmetric pair, the types of such pairs are not changed: if
instead of a base point o € M we take the base point x = g - o, for g € GG, then the
Lie algebra g is the same and the involution © is replaced by Adg(g)O.
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Theorem I1.30: Decomposition Theorem for OSLA

Let (g,©) be an effective orthogonal symmetric Lie algebra. Then

g=9-DgoD g+

is a decomposition into ©-invariant ideals such that

(1) (g_, © ‘g_) is of non-compact type.
(2) (go, () ’go) is of Euclidean type.

(3) (g+, C) ‘g+> is of compact type.

Moreover, the decomposition is orthogonal with regard to Bj.

How to construct g, ,g0,9-7 Notethat g =udeis a U-invariant decomposition.
Let then (-, -) be a U-invariant inner product on e. Since By }e is a symmetric bilinear
form, there exists a unique A € End(e) symmetric such that

By(X,Y)=(AX)Y) VXY €,

As U C Aut(g) and By is U-invariant, we note that if X,Y € ¢ and k € U are
arbitrary, then

By(X,)Y) = By(kX,kY) < (AX)Y) = (AKX, kY) = (lflAk:X,Y}7
hence Ak = kA and therefore

Aoady(X) =adg(X)oA VX eu

As A is symmetric, there exists an orthonormal basis of ¢ which we write { f1, ..., f }
consisting(o)f eigenvectors of A with eigenvalues {f, ..., 5, }. By the above property
Ak = kA, they are also preserved by U and adg(u).

Let us define

[ Z Rfj s ¢y = Z Rf] s ¢, = Z Rf] . (1116)
B;=0

B;<0 B;>0
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Lemma II1.31

The subspaces ¢y, ¢, and e_ satisfy the following relations:
(1) eo={X €g:By(X,Y)=0 forall Y € g}.

(2) [eo0,¢] = {0} and ey is an Abelian ideal in g.

(3) e e] = {0}

Proof. (1) Write

gt ={X €g:B,(X,Y)=0VY € g}

and note that g* is ©-invariant since By is ©-invariant. Thus we have a decom-
position of g induced by the one of g

gt =(g"Nu)®(g" Ne)

As (g,0) is effective, By ‘uxu is negative definite and therefore g* Nu = (0)
implying that g~ C ¢. Therefore

g-={X €e:B(X,Y)=0VY € g}

F28 (X ce: By(X,Y) =0 VY €}
={Xece: (AX)Y)=0VY €¢}
= ker(A)

_eo

by definition.

Note first that [eg, e] C [e,¢] C u. Take then X € ¢y, Y € ¢, 7 € u and write
Bg([X7Y]7Z) = _Bg([Y7X]7Z)
= —(=By(X, [, Z]))
= (AX,[Y, Z])
—0

since A € ¢y = ker(A). But By ’uxu is negative definite and as Z € u is arbitrary
we must have [X,Y] = 0 for every X € ¢y, Y € e. In particular thus [e, ¢o] =0
showing that ¢g is abelian. Finally we note that,

[QO)g] - [20,1«1] + [207 2] = [607u] = ¢

because u commutes with A and therefore preserves e_, ¢g, e.
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(3) Take X €e_,Y € e, and Z € u. Then

By([X,Y],Z) = —B,y(Y, [X, Z])

=—(A4Y | [X, Z])
Cet S
=0

as e_, ¢, are orthogonal with regard to (-,-) since they are defined using an
orthonormal basis. As before, this implies

(X,)Y]=0 VX€e,Yce,. [ |
We now define
Uy = [eq, ey u_=[e_,e_] and Uy = uSp, (U Bu_),

where the last equality denotes the orthogonal complement of u, @ u_ in u with
respect to By.

The subspaces uy,uy,u_ are orthogonal with respect to By and their direct
sum is u.

Proof. To see that uy and u_ are orthogonal with respect to By, let X, Yy € ey.
Then, by adg-invariance of By, we have

By([Xy, Yo [Xo, YL]) = By( X, [V, [ X, YC]) =0,

where the last equality follows from the Jacobi identity via

Y (X0 Yo = —[X Yo, YV = o Y, X = —[X, 0 - 2,00 =0. W
We have:
(1) u. are ideals in u that are pairwise orthogonal with regard to By.
(2) [uo, e-] = [uo, e4] = {0}
(3) [u- e = [u—,ei] = {0}.
(4) [us,eo] = [uy,e] = {0}
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Proof. (1) We have already proved orthogonality so we are are just left to prove

that they are ideals.

[u:bu} = [[e:b eﬂ:]?"‘]

Jacobi

> —[[ex, ], ex] — [[u, ex], ex]

C e, eq]

= U4.

Let then X € up L (uy ©u_), Z € u. We show
Z,X] L (. & u)
that is, VY € uy @ u_ we have

BE([va]ﬂY) = _Bg(Xv [Z7Y]) =0
Euy Gu_

Let Z € up, X,Y € eq. Then
Bg([Z>X]vY) :BQ(Z> [X>Y]) =0,

since [X,Y] € uy and uy is orthogonal to uy. Since [up,ey] C ex and B
restricted to ex is non-degenerate, then [Z, X] = 0, that is [ug, e+] = {0}.

Using the definition of uy and the Jacobi identity, we have

[uiv 60] = Hei’ ei]v 60]

J bi
2 (e, [ex, e0]]

= {0},

because of Lemma [[1.31] (2). Likewise,

[y, ex] = [[ex, ex], ex]

Jacobi

= [e:b [e:b e:FH

= {0},
because of Lemma|I1.31] (3).
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Now it is clear that since
g=ud®e=(UdDu, Gu_)® (egDey De_),

to find the go, g+ and g_ we have to rearrange the direct summands. It seems that
setting

go =Up D eo gy =Uu; Dey g =u_oe_

might be a g(o)od idea.

Corollary I1.34

U Pey, ugPey and u_ @ e_ are pairwise orthogonal ideals in g with regard
to By.

Proof. u=u_®uydu, and e = ¢_ P ey ® ¢y are both orthogonal with regard to
By so u. @ e. are pairwise orthogonal.
We show that they are ideals.

e To see that uy @ e is an ideal, we only need to see what happens for [ug, ¢] as

[Uo @ eo,ude] = [ug,u] +[uo, ¢] + [eo, u] + [eo, ¢] .
—— —_—
Eug by [IT.33] Eeo by [[L31]
But by Lemma |I1.33

[, €] = [ug, o]

and u (thus in particular ug) preserves the decomposition of e. Therefore
[uo, 20] Ceg
and hence uy @ ¢ is an ideal.

e To see that u, @ e. is an ideal, note that

[ue B e, ude] = [u.,u] + [uc, e + [ec,u] + [ec,e] . [ |
—— Y —— ~——
Cee =[ue,ec] Eee Clee,ec]Cue

Summary We have for (g, ©) an (effective) orthogonal symmetric Lie algebra the
decomposition
g=ude
=Uu_Bugduy)d (e BegDdey)
=u_Pe)B(ugBey) ® (up Bey)
T e

such that
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(1) go,9+ and g_ are pairwise orthogonal ideals in g, so that in particular their
Killing form is the restriction of the Killing form of g i.e. By, = By

e Xge”

2 , ©) is effective and therefore B is negative definite. Thus
g 9 luxu

o As B ‘L ... ls negative definite, By is negative definite and g_ is therefore
of compact type.

o As B, }e+xe+ is positive definite, By, is non-degenerate and g is therefore
of non-compact type.

In both cases, g+ is semisimple.

(3) We showed in Lemma [I1.31| (2) that ¢q is an Abelian ideal. Moreover, since g
are semisimple, the center 3 of g must be all contained in gy and hence

3(90) = 3(9)-

Thus

3(80) Nup C 3(g) Nu=0
and hence we are left to observe that uy is compactly embedded. But this is
true since u C g, ux C g4 are all compactly embedded and g is the direct sum

of the ideals go ® g+ @ g—, (see [Hel0ll Lemma V.1.6]). Hence (go, ©|q,) is an
effective orthogonal symmetric Lie algebra.

Remark. We were a bit sloppy in the last part of the proof, in that the decompo-
sition we proposed is valid only if ¢y # {0}. In fact, if eg = {0}, then our proposed
go would be equal to ug. As a consequence, we would have that © = Id, which was
not allowed. We hence set if eg = {0}:

go = {0} g =uPu_Pe_ g =u; Dey if e # {0};

go == {0} g ={0} g =u_Quy ey if e ={0}.

Remark. If (G, K) is a Riemannian symmetric pair, then we have an associated
orthogonal symmetric Lie algebra (g, ©) with £ compactly embedded. Since

3(g) Nt =Lie(Z(G) N K)

we note that (g, ©) is effective if and only if Z(G) N K is discrete.

Definition: Effective Riemannian Symmetric Pairs

A Riemannian Symmetric Pair (G, K) is effective if Z(G) N K is discrete.
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Let M be a Riemannian symmetric space, G = Iso(M)°, o € M and
K = Stabg(o). If N <« G is contained in K, N = {e} and in particular
the Riemannian symmetric pair (G, K) is effective.

Proof. 1f g.o € M, then Stabg(g.0) = gKg~'. Since N < G and N < K we have

N C ﬂ gKg ' = ﬂ Stabg(g.0) = {e}.

geG geG

Since every subgroup of Z(G) is normal, (G, K) is effective. [

Definition: Riemannian Symmetric Spaces of Compact, Non-

compact and Euclidean Type

e An effective Riemannian symmetric pair (G, K) is of compact, non-
compact or euclidean type if the corresponding(o)rthog(o)nal symmetric
Lie algebra is.

e A Riemannian symmetric space M is of compact, mnon-compact
or euclidean type if the corresponding Riemannian symmetric pair
(Iso(M)°, Stabiso(arye (0)) is.

Theorem II1.36

If M is a simply connected Riemannian symmetric space, then M is a Rie-
mannian product

M= M_x My x M,

where
e M_ is of compact type,
e My is of euclidean type and

e M, is of non-compact type.

Proof. CHECK!! Write G = Iso(M)°, 0 € M, 0 = s,9s, and © = d.o. Then (g, 0)
is an orthogonal symmetric Lie algebra which can be decomposed as

g=9-DgoD gy

Let then G, be the Lie subgroups of G corresponding to g.. Since the g. are ideals,
the G. are normal subgroups and G, N G, is discrete for ¢ # 1. We claim that
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[G.,Gy] =0 and that

0:G_xXGyx Gy =G
(2,y,2) = wyz

is a homomorphism. In fact, G, G,| < Go:NG,, but [G., G,] is connected and hence
trivial. Now we observe that if

dep: g- D gD gr — 9

is an isomorphism, then ) ) N )
0:G_xGyxGy =G
is an isomorphism as well. Let p: G — G be the projection. Then

G G _ G, _
) T ) T K =M
as M is simply connected and thus p~!(K) < G is connected.
t=Lie(p Y(K)) Cg

and let £ be the subalgebras t = t_ @ € @ £, and K. the corresponding subgroups
of G.
G(K_ x Ko x K;)=p '(K)

and the K. are closed, hence (@6, K.) are a Riemannian symmetric pair with regard
to the lift & of o. Thus

2: Ok x GO/KO x GVK+ - M

is a diffeomorphism. |

I1.9.2 Irreducible orthogonal Symmetric Lie Algebras

Definition: Reduced orthogonal symmetric Lie algebras

An orthogonal symmetric Lie algebra (g, ©) is reduced if u does not contain
any non-zero ideals.

Remark. If n C g is an ideal, then n C u is trivial if and only if any connected
normal subgroup N < G contained in K, N < K, is trivial.
In particular, reduced therefore implies that

m gKg' = ﬂ Stabg(g«0)

geG geG
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can not be connected and is thus discrete. Also the action of G on G/K has discrete
kernel.

Hence, if (g,©) is reduced, it is also effective. In fact, 3(g) Nu is a subalgebra
of 3(g) and since the latter is abelian it is actually an ideal in g contained in u. As
(g,0©) is reduced, it must thus be trivial.

Definition: Irreducible orthogonal Symmetric Lie Algebra

Let (g,0) be an orthogonal symmetric Lie algebra (with decomposition g =
u @ e). We say that (g, 0) is irreducible if

(1) g is semisimple and (g, ©) is reduced, and

(2) adg(u) acts irreducibly on e.

Theorem I1.37

A reduced orthogonal symmetric Lie algebra (g, ©) is the direct sum of irre-
ducible orthogonal symmetric Lie algebras and the decomposition is unique.

. J

Theorem I1.38

Let V' be a real vector space and K < GL(V') compact. Then there exists a
decomposition V = (o)plusl-Vi into K-invariant irreducible subspaces.

Proof of Theorem[II.38 Let (-,-) be a K-invariant inner product on V. If V is
irreducible, we are done. If not, take a K-invariant subspace and note that W+ is
also invariant. [}

Sketch of Proof of Theorem Let u,e be as before and (-,-) an inner product
on ¢ that is u-invariant. Let A € End(e) be symmetric such that

By(X,Y)=(AX)Y) VX, Ye€e

Let then e = (o)plusgzlqi be the decomposition corresponding to the distinct
eigenvalues ¢y = 0, ¢y, ..., ¢, # 0 with ¢; # ¢; for 1 < ¢ # j <r. This decomposition is
also u-invariant. By the previous theorem, we can decompose the q; into u-invariant
irreducible subspaces

q; = (o)plusi,pi;
The p;; play the role of p in the Cartan decomposition.
Define
8ij = [Pij, Pis] + Pij
and show that
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(1) The g;; are O-invariant ideals in g,

(2) Bgij = BE

is non-degenerate and
8ij X Gij

(3) m := (o)plusg;; is a semisimple O-invariant ideal and gy = Centrg(m). This is
also ©-invariant and (go, © |90) is a euclidean orthogonal symmetric Lie algebra.

Definition: Reduced/Irreducible Riemannian Symmetric Spaces

e A Riemannian symmetric pair (G, K) is reduced or irreducible if the
corresponding(o)rthog(o)nal symmetric Lie algebra is.

e A Riemannian symmetric space M is reduced or irreducible if the corre-
sponding Riemannian symmetric pair (Iso(M)?, Stabg(ar)e(0)) is.

Remark. A Riemannian symmetric space is irreducible if Lie(Iso(M)°) is semisim-
ple, K acts irreducibly via Adg on p, where g = £ @ p is the Cartan decomposition.

Corollary I1.39

A Riemannian symmetric space M is isometric to the Riemannian product
M = My x ... x M,, where

o M, =FE" and

e M;,1 < ¢ < n are irreducible symmetric spaces of compact or non-
compact type.

Remark. M being irreducible does not imply that Iso(M)° is simple.
For example, let U be a compact Lie group and consider the Riemannian sym-
metric pair (U x U, AU) with A(U) = {(g,9) € U x U}. Define then

O(X,Y) = (Y, X)
and note that this implies

E={(X,X): X €u}
p={Y,-Y):Y eu}

with the ady(€)-action
(ady (X, X))(Y, =Y) = [(X, X), (Y, =Y)] = ([X, Y], = [X, Y]).

If U is simple, then U x U/A(U) is an irreducible symmetric space.
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Proposition I1.40

Let (G,K) be an irreducible Riemannian symmetric pair with Cartan de-
composition g = €@ p and let By be the Killing form. Then there exist a
(up to scalars) unique G-invariant Riemannian metric on G/K and on of the
following holds:

(1) Bg|pxp > 0 is positive definite, G/K is of non-compact type and the
Riemannian metric is By.

(2) By !pxp < 0 is negative definite, G/K is of compact type and the Rieman-
nian metric is —B,.

Proof. Take an Adg(K)-invariant inner product (-,-) on p and as previously
By(X,Y) = (AX,Y) VX,Y ep.

Since Adg(K) acts irreducibly on p we must have A = \Id, for some 0 # A € R.
Whether By is positive or negative definite then depends on the sign of A. |

I1.10 From orthogonal Symmetric Lie Algebras to
Riemannian Symmetric Spaces

In this subsection we want to apply the techniques developped so far to see how
one can get from an orthogonal symmetric Lie algebra to a Riemannian symmetric
space. The first step is to g(o) from a reduced semisimple orthogonal symmetric Lie
algebra to a reduced semisimple Riemannian symmetric pair.

Theorem 11.41

Let (g,0) be a reduced semisimple orthogonal symmetric Lie algebra. Set
G = Aut(g)° and define the involution via

c:G—= G
a— a0 L.

Let K < G such that (G")O < K < G°. Then (G,K) is a Riemannian sym-
metric pair whose associated orthogonal symmetric Lie algebra is isomorphic
to (g,0). Moreover, G° is compact, Z(G) = {e} and G acts faithfully on
G/K.
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Proof. Using Theorem |[1.37|we can write

k

=1

as a product of irreducible components. It is left as an exercise to show that under
this isomorphism

Aut(g)® = | [ (Aut(g,))”

—.

Il
MR

(2

a5 [e

—.

o
I
—

and hence we may assume that (g, ©) is irreducible.
Recall that © € Aut(g) is an involution. Let g = € ® p be the Cartan decompo-
sition. We define a scalar product
<'7 >

on g as follows:
(1) If g is of compact type we set (X,Y) = —By(X,Y) for X|Y € g.
(2) If g is of non-compact type we set

(X,Y) = —B,(X,0(Y)) for X,Y €g.

As g is semisimple it follows from Proposition [I1.29| that
adg: g — Derg C Lie(G)

is an isomorphism. Moreover, G = {a € G : «® = Oa} is obviously a closed
subgroup of G.

We claim that G is compact. Indeed, G preserves the scalar product (-, -).
This is clear in the case when g is of compact type, because Aut(g) preserves the
Killing form B, according to the reminder (1) at the beginning(o)f section

If g is of non-compact type, then for all @« € G” and all X,Y € g

(aX,aY) = —By(aX,00Y) = —By(aX,a0Y) = —B4(X,0Y) = (X,Y).
We next compute the Lie algebra of G using again Proposition [[1.29] We have

Lie(G°) = {D € Der(g) : DO = ©D}
= {ady(X) : ©ady(X) = ady(X)O}
= {ady(X) : ady(©X) = ady(X)} = ad, &,
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hence Lie(K) = adg €. So ad, establishes an isomorphism between (g, ©) and the
orthogonal symmetric Lie algebra associated to the Riemannian symmetric pair
(G,K).

In order to prove the last assertion we notice that (G, K) is reduced, so the kernel
N of the G-action on G/K is discrete. Since G is connected and N is a discrete
normal subgroup we obtain N < Z(G).

We finally take o € Z(G) arbitrary. Then for all § € Aut(g)° we have aff = Sa.
Passing to the Lie algebra this implies

aadg(X) =ady(X)a forall X eg

or equivalently
adg(aX) = ady(X) forall X e€g,

which shows that o = Idy, hence N = Z(G) = {e}. [ |

Given a Riemannian symmetric space M = G /K with an effective G-action we
obviously have G < Iso(M)°. We now address the question when we have equality.
Clearly this is not always the case as the example of G = R™, o(v) = —v for v € R"
shows: M = E", but Iso(M)° = R™ x SO(n). But these are essentially the only
examples.

Theorem 11.42

Let (G, K) be a Riemannian symmetric pair and assume that G is semisimple
and acts faithfully on M = G/K. Then G = Iso(M)° and K = Stabg(0),
where 0 = eK.

Proof. Let Gy =Iso(M)° and 7: G — Gy given by
T(9)hK = ghK.
Then 7 is a smooth injective homomorphism. Let : G — G be the involution such
that (G7)° < K < G? and denote 7: G — M = G/K the natural projection. If
So: M — M denotes the geodesic symmetry at o = eK, then
ST = TWS,.

Define

0p: G0—>G0

Q= 8,08,
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and K, = Stabg,(0). Then (Gy, Kj) is a Riemannian symmetric pair and it follows
from s,m = ws, that the diagram

g

G —— G

ol

G0*>G0

commutes. Let g = €& p be the Cartan decomposition of the orthogonal symmetric
Lie algebra (g, D.o) and gg = € @®po the one of the orthogonal symmetric Lie algebra
(g0, Deop). Then it follows from the commuting diagram above that

D.1(p) C po, D.7(¥) C 8.

Since M = G/K = Gy/Ky we have dimp = dimpy and hence D.7(p) = po by
injectivity of D,7.
Next we notice that the inclusion

p,plCE

from Propositionis true for any reduced semisimple orthogonal symmetric Lie
algebra. Indeed, one can easily verify that p + [p,p] is an ideal in g and that its
orthogonal complement with respect to By is contained in the orthogonal comple-
ment of p which is equal to g. Hence this orthogonal complement vanishes and we
get g = p+ [p,p]. From [p,p] C € we therefore get [p,p] = €. Combining this with
D.7(p) = po we conclude

D7 (€) = [po, po)-

Next we observe that (go, Do) is a reduced and hence effective orthogonal sym-
metric Lie algebra and that the null space eq of the Killing form of gg is contained
in pg and an abelian ideal in gy. This gives the inclusion

!

¢ C Po = DeT(p) C DeT(g) =6,
so ¢g is an abelian ideal in D.7(g) as well. But as g = D.7(g) is semisimple this
implies ¢g = 0. So (go, Deop) is a reduced semisimple orthogonal symmetric Lie
algebra, hence in particular [pg, po] = € which implies

DET(E) = EO.

So 7 induces an isomorphism between the two orthogonal symmetric Lie algebras
and is therefore a Lie group isomorphism. |
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I1.11 Curvature

Definition: (Sectional) Curvature

Let M be a Riemannian manifold with Levi-Civita connection V. The curva-
ture of M is a multilinear map

R: Vect(M) x Vect(M) x Vect(M) — Vect(M)
where Vect(M) is a C*°-module defined as

R(X,)Y)Z =Vx(VyZ) = Vy(VxZ) = Vixyv|Z
Remark. For p e M (R(X,Y)Z), depends only on X,,,Y,, Z,.

From R one can define the sectional curvature: Let p € M and Gry(T,M) be
the Grassmannian of 2-planes in 7, M. Define then

kp: Gro(T,M) — R
P — (R(u,v)u,v)

where {u,v} is an orthonormal basis of P.

Theorem 11.43

Let (G, K) be a Riemannian symmetric pair with associated Riemannian sym-
metric space M and a corresponding G-invariant Riemannian metric.

(1) If (G, K) is of compact type, then k, > 0 for all p € M.

(2) If (G, K) is of non-compact type, then r, <0 for all p € M.

(3) If (G, K) is of euclidean type, then k, =0 for all p € M.

The proof of this relies on the following result:

Theorem 11.44

Let (G, K) be a symmetric pair a and let R be the curvature tensor. Then at
the point 0 € G/K

Ro(X1, X5) X3 = —[[ X1, X;], X3

where X; = d.nX;, for X; €p,i=1,2,3.
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Proof of Theorem|Il.4/3 Take X;, Xy € p. Then
By (=[[X1, X, Xu], X) = By([Xy, Xa], [X3, X3])

We restrict to the first case and note that if (G, K) is of compact type, then we take
— By as the Riemannian metric at o after p = T, M.
Let X, X5 € p such that X, Xy € T,M are orthonormal. Then

Ko(Span(X, Xa)) = —(R(X1, X2) X1, Xo)
L (X, X)X, Xo)

_Bg([[XlaX2]»X1]>X2)

By([X1, X, [ X1, X))

<[X17X2]7 {X17X2]> = ||[X17X2H|2 > 0. [ ]

|

I1.12 Duality

There is a remarkable and important duality between compact and non-compact
orthogonal symmetric Lie algebras which is a special case of a general construction
we will outline now. First we need some preliminaries on complexifications of real
vector spaces and real Lie algebras.

Definition: Complex structure

Let V' be a real vector space and v a real Lie algebra. A complex structure on
V' is given by
J € End(V) such that J?=—1Id.

A complez structure on v is a complex structure J € End(v) of v as a vector
space which in addition satisies

[X,JY] = J[X,Y].

\ J

Any real vector space V with a complex structure J can be turned into a complex
vector space, denoted V', by setting

(a+ip)v =av+ BJ(v)

Conversely, any complex vector space W can be considered as a real vector space,
denoted W&, with a complex structure J € End(W®) given by J(w) =i - w. Then
obviously Wk = .

If J € End(v) is a complex structure on v, then it follows that [-,-]: o x
is C-bilinear and b is a C-Lie algebra.

-0

f= 3
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In general, real vector spaces do not always admit a complex structure. However,
for any real vector space V one can define an endomorphism J € End(V x V') with
J? = —1Id by

J:VxV—VxV
(U7w) = (—w,v).

Definition: Complexification

The complezification of V is VC = V/>\</V The complex conjugation on V°
is the R-linear automorphism 7 € End(V x V') defined by

7(v,w) = (v, —w).

V embeds into VC as a real vector space by

Ve VE
v (v,0)

Notice that the map
= 1%
(v,w) = v 4w

is C-linear and bijective, hence VC can be identified with V 4 V. Then complex
conjugation is defined as usual, namely by

T(v+iw) = v — iw.

Remark. If v is a real Lie algebra, the Lie bracket on v extends uniquely to a
C-linear Lie bracket on v°.

Example. Let g = sl(n,R). Then sl(n, R)® = sl(n,C). In fact,
Aesl(n,C) < tr(A)=0
<= Retr(4) =Imtr(4) =0
<= trRe(A) =trIm(A) =0
= A=A +iAs, A €sl(n,R)

and thus
sl(n,C) = sl(n,R) + isl(n,R).
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Example. Let g = su(n,C) = {X € sl(n,C) : X*+ X = 0, where X* = Yt}.
Observe that su(n,C) is a real Lie algebra. We claim that su(n,C)¢ = sl(n,C). In
fact,

isu(n,C) = {iX €sl(n,C): X"+ X =0}
={X €sl(n,C): X" =X}.

But for any A € sl(n,C) we can write

B A— A* n A+ A*
2 2
N——

esu(n,C) €isu(n,C)

A

so sl(n,C) C su(n,C) @ isu(n,C) and a count of dimensions gives equality.

Example. Let g = o(p,q). Since any two non-degenerate quadratic forms over C
are equivalent, we have o(p, )¢ = o(p + ¢, C). In particular o(n, R)® = o(n, C) and
o(1,n —1)¢ =0(n,C).

Definition: Complexificaton of endomorphisms

If V' is a real vector space and T' € End(V'), the map

VE=V+iV—>V+iV
v+w = Tv+Tw

is an endomorphism of the C-vector space VC.

Notice that if 71,75, T € End(V'), then
(T1 o) =T oTY and  try(T) = trye(TC).
Moreover, if A € End(V®), then
tryeyr A =2Re (trvc A).

Definition: Real and Compact Form

e If h is a complex Lie algebra, a real form of § is a real Lie algebra g
such that g© = b.

o If g is semisimple and By is negative definite, then g is called a compact
form of g© = h. By abuse of notation, if b is a real Lie algebra, by a
compact form we mean a compact form of h°.
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Theorem I1.45: [Hel01, Theorem II1.6.3]

Every semisimple Lie algebra has a compact form.

Lemma I1.46

Let go be a real Lie algebra and g := g its complexification. Then

(1) Byy(X,Y) = By(X,Y) for all X,Y € g.
(2) Bi(X,Y)=2Re(By(X,Y) for all XY € g.

3) go semisimple <= g semisimple <= g® semisimple.
(3) g p g p g p

This lemma follows from the fact that the map

e: gl(go) — gl(g)
T+ TC

is a homomorphism of real Lie algebras and that the following diagram commutes:

ad
go — gl(go)

L. b

g —— gl(g)

Back to orthogonal symmetric Lie algebras. Let (go,©y) be an orthogonal
symmetric Lie algebra with Cartan decomposition gy = €@ p. Let g == g5, © = OF
be the complexifications, and 7: g — g the complex conjugation. Then
E it p,oap
are R-subspaces of g® with the following bracket relations:
¢ ce  [eiplCip and  [ip,ip] = [p,p] C .
Thus g* := £ + ip is a Lie subalgebra of g® with bracket coming from g

(X +iY, Z +iT] = [X, Z] - [V, T] +i([X,T] + [Y. Z]) .

The conjugation 7: g — g restricts to an involution ©* =7

o € End(g*).
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Definition: Isomorphic orthogonal Symmetric Lie Algebras

Two orthogonal symmetric Lie algebras (g;,01) and (gs, ©2) are isomorphic
(91,01) = (g2, ©2) if there exists a Lie algebra isomorphism ¢: g; — g2 such
that

©20p=¢po0B,

Proposition I1.47

Let (go, ©0) be an orthogonal symmetric Lie algebra with go semisimple. Then
(1) The pair (g*, ©*) with ©* =171
(2) (¢*)° =5, (6%)° =65,

(3) (g%, 0%) is effective if and only if (go, Oy) is effective,

o is an orthogonal symmetric Lie algebra,

(4) (g*,0%) is reduced if and only if (go, ©p) is reduced,

(5) The pair (go, ©y) is of non-compact type (resp. compact type) if and only
if (g*, ©*) is of compact type (resp. non-compact type),

(6) (91,01) = (g2, ©2) if and only if (g7, 07) = (g3, 03) and
(7) ((g7)", (©")") = (80, ©0).

Sketch of the proof. (1) Since 7 € Aut(g®), € is the part of the algebra fixed by
©* € Aut(g*). So we only need to show that ¢ is compactly embedded in g*.
Consider the R-vector space isomorphism

¢ 90— 0"
X+Y = X+1Y
which induces the Lie group isomorphism
®: GL(go) — GL(g")
A gAY
Notice that for all Z € € we have
poadyZ = adgZ o ¢.
Since £ < go is compactly embedded, there exists U < GL(gg) compact and
connected such that Lie(U) = adg, (£). Using ® and its derivative
dra®: gl(go) — gl(g")
B ¢Bo™*
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we get d;g®(adg,€) = ady-E, hence ady-(€) = Lie(®(U)) and ®(U) < GL(g*) is
a compact connected Lie group.

(2) The verfication is left to the reader.
(3) This follows from 3(go) N€ = 3(g*) N L.

(4) We recall that (go, ) is reduced if and only if any ideal n < g, that is contained
in ¢ is trivial. Moreover, an ideal n < g is contained in ¢ if and only if n < € is
an ideal and if [n,p] = 0.

Now n < ¢ is an ideal with [n,p] = 0 if and only if [n,ip] = 0, so n < go is
contained in ¢ if and only if n < g* is contained in €. Hence (gg, ©p) is reduced
if and only if (g*, ©*) is reduced.

(5) Since (go, Op) is effective semisimple, so is (g*, ©*) according to Lemma [I1.46
and (3) above. Lemmal|ll.46| further implies that for any X,Y € p

B90<X> Y) - Bg(Xv Y)
— —B,(iX,iY)
= —By.(iX,iY)
since (*)° = g := (go)°.

(6) Any isomorphism of real Lie algebras extends to an isomorphism of the com-
plexifications.

(7) Obviously we have (g*)* = go. The proof of (0*)* = Oy is left to the reader. W

Definition: Dual
(g*,©*) is called the dual of (go, Op).

Example. (sl(n,R),0) with ©(X) = —X"*. We saw already that
sl(n,R)® = sl(n, C).

Now we claim that the dual of (sl(n,R), ©) is (su(n,C), ©%).
In fact, if sl(n,R) = ¢ @ p with

t={X esl(nR): X + X' =0}
p={Xesl(nR): X =X},
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then

g"=t+ip
—{Zesl(n,C): Z=X+4Y with X + X' =0 and Y = Y}
={Z esl(n,C): Z+Z*=0}
= su(n,C)

The corresponding symmetric spaces are

— SU(n)

M=SLLR) o S0(n)

where M™ is compact.

Example. Let g = s0(n) = {X € gl(n,R) : X + X' =0} and let p,q € NU {0} be
such that p + ¢ = n. Define ©,, as

Opq: 0l(p+¢,C) = gl(p+¢,C)
X L X1,

where [, = <_Olp —?)
q

It is easy to check that ©,,(g) = g and that ©7 = Id. We write g in block form

gz{(_ét g) A+ A'=0, D+ D' =0, BeMp,q(R)}

and note that in this form
A B A -B
@(x>:@<_Bt D) - (Bt ! )
It is then easy to see that the Cartan decomposition is given by
A0
t :{X = (0 D) eso(p+q): Aeso(p),D € so(q)}

0 B
p —{X = <Bt O) €so(ptq):Be Mp,q(R)}-
Now we observe that
g =t+ap

:{<£t Zg) A+ A =0=D+D", BEMM(R)}



74 CHAPTER II. GENERALITIES ON GLOBALLY SYMMETRIC SPACES

and define
o: gl(n,C) — gl(n,C)

—il, 0 —il, 0

e () (0 1)
A iB\ (A B
7\t p) \B D)

This shows that o is an isomorphism g* =, s0(p, q) where

such that

so(p,q) — {(; g) LA+ A =0=D+ D, BEMM(R)}.

Finally, the involution is given by ©* = 7| _ with 7(X +iY) = X — Y, that is

g*
o A B\ (A -B
Bt D) \-B* D)’
In conclusion, (so(p+¢,R),©) and (s0(p, q), ©*) are dual orthogonal symmetric Lie

algebras. The corresponding Riemannian symmetric spaces are

M =500+ 056 x s0(0)

where M is compact and M* is not.

M =500 500

We will next show how this duality can be realised at the level of Riemannian
symmetric pairs. To this end we will use the construction in Theorem Let
(80, ©9) be a reduced semisimple orthogonal symmetric Lie algebra, g == (go)* and
7: g — g the complex conjugation with respect to go. Recall that g* = £ @ ¢p and
©* =7|.. Then (g*)° = g and (6*)° = .

Consider

eo: Aut(go) — Aut(g)

a— at

which is an injective Lie group morphism satisfying
eo(Qpoao00;t) = (09) 0’ o (657

Denote oy the restriction of the conjugation by ©F to eq(Aut(go)) < Aut(g). Ana-
log(o)usly we consider

e*: Aut(g*) — Aut(g)
B 5
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which is an injective Lie group morphism satisfying
6*(@* 0,6 o (@*)71) _ (@*)(C 05«: o ((9*)@)71’
and denote o* the restriction of the conjugation by ()€ to e*(Aut(go)) < Aut(g).

Proposition I1.48

The groups Go = eg(Aut(go)°) and G* = e*(Aut(g*)°) are closed connected
semisimple. Moreover, og defines an involution on Gy and ¢* an involution on
G*. The group K = Gy N G* is compact and satisfies

(GS*)° ¢ K € Gg°, (G)7) Cc K C(G).

Moreover, the orthogonal symmetric Lie algebra associated to (G, K) is iso-
morphic to (go, ) and the orthogonal symmetric Lie algebra associated to
(G*, K) is isomorphic to (g*, ©*).

Proof. Tt will turn out to be essential to understand the relation between 7, OF,
(©*) and 7*, where 7* denotes the complex conjugation of g = g* + ig* with
respect to g*. All of these four maps are automorphisms of g¥, that is g seen as a
real Lie algebra. It will be convenient to present the action of these automorphisms
in a table:
e | qt p P

oy |Id| Id |-Id|-Id
© 9| I1d| Id | -1d|-1Id

T Id|—-Id| Id | —Id

™ |ld|—Id|—Id| Id

All these automorphisms have order two, commute pairwise and satisfy

Qf o1 =T, O o7 =1.

Hence if (a, ) denotes the subgroup of Aut(g®) generated by two elements a, 3 we
have

(05, 7) = ("), 1) = (1,7").
Let us now define the following automorphisms of the Lie group Aut(g®): For a €
Aut(g®) set

tla) =tar™t, t(a) = T*a(t") 7L, r(a) = @ga(Gg)_l = (@*)Ca((@*)c)_l.
Hence the set

Aut(g) = {a € Aut(g®) : a(iZ) =ia(Z) V Z € g}
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is a closed subgroup of Aut(g®) which is invariant by ¢: Indeed, for all Z € g we
have
T(iZ) = —it(Z)

and hence if o € Aut(g)
(rar™1)(iZ) = (TO[)(—’L'Til(Z)) = T(—Z.leTil(Z)) =itar Y(2).

We further claim that the image of ep: Aut(gg) — Aut(g) coincides with (Aut g)t,
the subgroup of Aut g fixed by t. The proof is left as an easy verification. Thus the
image of eg is closed and hence

eg: Autgy — (Aut g)t
is a Lie group isomorphism which implies that

Go = eo((Autgo)°) = ((Autg))”

is closed connected semisimple.

The same argument applies to G*.

Now we have the following relations in Aut(Aut g*): ¢, t*,r are of order two and
commute pairwise,

and
(rit) = (r,t*) = (t, t")

as subgroups of Aut(Aut g*).

Recall that o9 = r| o = 7“’

(Aut o)t Moreover,

(Autg)t™”
GoNG* = ((Aut g)t)o N ((Aut g)t*)o
is open in
(Autg)' N (Autg)" = (Aut g)**" = (Aut g)*" = (Aut g)*"".

Thus Go N G* is open in ((Aut g)!)", but it is also contained in Gy = ((Autg)*)°,
hence it is open in

((Autg)")° N ((Autg)")" = G.

We conclude

(G7)" c GonG* C Gf.

The compactness then follows from the compactness of G which is a direct conse-
quence of Marcs Theorem IV.15. |
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Definition: Compact dual

Let (go,©0) be a reduced orthogonal symmetric Lie algebra of non-compact
type and (G, K), (G*, K) as above. Then we call M* = G*/K the compact
dual of the symmetric space M = G/ K of non-compact type. Observe here
that K is connected and Gy = Iso(M)°, G* = Iso(M*)°.

The following remarkable Theorem is the starting point of many interesting
developments.

Theorem 11.49

Let M = Gy/K be a Riemannian symmetric space of non-compact type with
compact dual M* = G* /K. Then there is a canonical isomorphism

QF(M)% =~ H*(M*,R)
where

e OF(M)% is the space of Gy-invariant smooth differential k-forms on M
and

e H*(M*,R) is the singular cohomology of M* with R-coefficients.

Before we give a proof of this theorem we will need some notation and a few
lemmata.

Notation. If V is a real vector space, we write Alty (V) for the space of alternating
forms V¥ — R in k variables.

Lemma I1.50

Let M be a Riemannian symmetric space, G = Iso(M)°, o € M and
K = Stabg(o). As m: G — G/K is the projection, d.mw: p — T,M is an
isomorphism of vector spaces that commutes with the action of £ on p via
ady(€) and on T,M via the differential of left translation. Then

QF (M) — Alty(p)*%®

is an isomorphism.

Sketch of Proof. The isomorphism is obtained by restricting w € Q*(M)% too € M,
wo € Alty(T,M), and pulling it back: (d.7)*(w,) € Altg(p). [ |
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Lemma II.51: (Cartan)

Let M be a Riemannian symmetric space , G = Iso(M)° and w € Q*(M)%.
Then
dw = 0.

Proof. Take o € M, s, € G the geodesic symmetry at o and let w € Q(M)%. Since
for all g € G we have s,gs, € G we get

w = (S09So) W

k k%

= 5,9 S,W,

hence from s = (5*)_1

o

ok Lk
Sow = g S,w.

This shows that siw € QF(M)¢. Moreover, s, —Id and thus

‘TGM -
(s5w)o = (=1)"w,
and by G-invariance
(55w)e = (—1)Fw, for all e M.
So the forms (—1)*w and s¥w coincide, and applying d we get
(—1)Fdw = d(s}w) = s*(dw).

But since dw is an invariant (k+1)-form we have s*(dw) = (—1)**'dw which implies
dw = —dw and hence dw = 0. |

Lemma I1.52

Let U be a compact connected Lie group acting smoothly on a smooth mani-
fold X. The inclusion of complexes

QF(X)Y s QF(X)

induces an isomorphism in cohomology

QF(X)7 2 Hip(X).

Proof. As U is compact, there is a normalized Haar measure dy on U.
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Injectivity: Let a € Q%(X)Y and assume that « is exact in Q%(X), that is a = dj3
for some 3 € QF71(X). Since the U-action commutes with d we get

oa=u"o
=u*df
= d(u"pB)

for all u € U, hence

oz:/Uu*ozd,u(u)
= [ atws) dutu)

—d (/U u*ﬁd,u(u)) .

er—l(X)U

Surjectivity: Let a € Q%(U) such that da = 0. As U is connecte, every u € U

is diffeotopic to the identity Id € U. Thus a and u*« represent the same class in
H}p(X), and for every Cl-cycle z € H,(X;R) we have

/Zoz—/zu*oc for any w € U.
fo [ (e ) g

= / w o dp(u
zJU
which shows that

/Z<oz— /Uu*a du(u)) =0 for all z € Hy(X;R).

De Rham’s Theorem now implies that o and [, u*« dp(u) represent the same co-
homology class. In particular,

Using Fubini we conclude

a= /Uu*a dp(u)

is U-invariant which proves surjectivity. |
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Proof of Theorem[I[.49 Denote Gy = Iso(M)°, G* = Iso(M*)° and 0o = eK €
M N M*. Then according to Lemma [I1.50

QF(M)G0 = Alty(p)2da®
Now
p—ip
X =X
is an Ad(K)-equivariant isomorphism of real vector spaces, hence
Alty(p)do® = Alty (ip)ds®

and the latter is isomorphic to QF(M*)¢" again by Lemma [I1.50| Since G* is a
compact connected Lie group, the inclusion of complexes

Qk(M*)G* N Qk(M*)

induces an isomorphism in cohomology QF(M*)¢" = H%,(M* R) according to

Lemma [[1.52| But by Lemma [IL.51| (QF(M*)%" d) is equal to its cohomology and
hence

QY (M) = Hyp(M*,R),

the latter being De Rham cohomology which itself is isomorphic to H*(M* R) by
De Rham’s Theorem. [ ]



Chapter 111

Symmetric Spaces of
Non-Compact Type

ITI.1 Symmetric spaces are CAT(0)

Definition: Geodesic and Comparison Triangle

e A metric space (X, d) is called geodesic if for every two points z,y € X
there is a continuous path

v: [0,d(z,y)] = X
from z to y and such that I(v) = d(x,y).

e A geodesic triangle A(p, ¢,r) in a geodesic metric space X consists of
three points p, ¢, € X and geodesic segments [p, ¢, [¢, ] and [p, r] that
join them and whose lengths is the distance between the endpoints.

e Given A(p,q,7), a comparison triangle is a triangle A = A(p, q,7) in
E2 whose sides are geodesic segments of the same length as the sides in

A.

e Given a point = € [p, q|, a comparison point for it is a point Z € [p, q|
such that
dX(p7 .I) = d]E2 (ﬁ) f)

Fact. Comparison triangles always exist and are unique up to isometries.

81
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Definition: CAT(0)

A geodesic metric space is CAT(0) if for every geodesic triangle A(p, ¢, ) with
comparison triangle A (p,q,7) and points z,y € A(p,q,r) with comparison
points 7,7 € A (p,q,T) the following inequality holds

dx (:C7 y) < dIE2 (fv y)

\ J

Remark. In a CAT(0)-space triangles are thin, that is, o <@, 3 < f and v < 7.

Remark. More generally, in a CAT (k) space triangles are thinner than triangles in
a model space of constant curvature k. For CAT(—1) the hyperbolic space is used,
for CAT(0) the euclidean plane and for CAT(1) we use the sphere.

Remark. CAT(0)-spaces are uniquely geodesic. To see this, suppose there were
two geodesics [p, ¢| and [p, q] between p and ¢. Take then a point z on [p, ¢] and a
point 2’ on [p, q]" at the same distance of p. Since E? is uniquely geodesic, [p,q] =
[p, q] and thus T = 2’. But then it follows that z = 2’ by

dx(z,2") < dg2(T,2") = 0.
Let (X, d) be a complete CAT(0)-space.
(1) If S C X is a bounded set and

ry =inf {r > 0: S C B(,r) for some z € X }

then there exists a unique x;, € X such that S C E(ws, rs). We call this
the circumcenter of S.

(2) Let C C X be a closed convex set. Then there exists a unique p.(x) € C
such that
d(z,pe(x)) < d(z,C) = nf{d(z,y) : y € C}

(3) Let v1,72: R — X be two geodesics parametrised by arclength. The map

R—R
t = d(71(t),72(t))

IS convex.

Proof. (1) Let (r,)nen C R be a sequence such that 7, — r, that has the property
that there is x,, € X such that S C B(z,,r,).



